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ABSTRACT
Multi-Item Supply Chain and
Revenue Management Problems
Joern Meissner

The areas of Revenue Management and Supply Chain Management represent two fundamental pillars for the management of industries that procure and distribute consumer
products. The former is concerned with the management of the demand processes and
the development of methodologies and systems required to support this management
function. The area of Supply Chain Management is concerned with the the design of
a supply process to match a given demand pattern as eﬃciently as possible. It may
therefore be viewed as the complement of the Revenue Management area.
Operations management papers have demonstrated that the operational environment and associated cost structures may have a fundamental impact on the equilibrium
behavior in the industry, in general, and the resulting price levels in particular. Little
remains known, however, about how prices should be set in a competitive environment,
in the simultaneous presence of two other major complications:
(i) time dependent demand functions and cost parameters, and
(ii) scale economies in the operational costs
Conversely, traditional inventory and procurement planning models assume that
the demand processes for the ﬁnished goods are exogenously given, when, in reality,
these demand processes can be managed by appropriate price choices, inter alia. It is of
critical importance to understand how eﬀective replenishment strategies are aﬀected
by pricing decisions and how replenishment strategies and pricing decisions are to be
integrated eﬀectively.
This dissertation focuses on the following four areas of complicating factors aﬀecting the union of Supply Chain Management and Revenue Management:

(A) Pricing Decisions. Here we distinguish between two types of settings. In the ﬁrst
case, the ﬁrm operates as a monopolist or in an environment of imperfect competition, with the competitors’ prices (temporarily) ﬁxed. In the second case, prices
need to be determined in an environment of imperfect, oligopolistic competition.
(B) Time-dependent demand functions and cost structures.
(C) Economies of scale in the operational cost. These arise, for example, from ﬁxed
cost components in the procurement processes, i.e. production and distribution
setup costs.
(D) Capacity Limitations, i.e. limits on how many units can be produced in any given
period or, in the aggregate, over the complete planning horizon. Such capacity limits often create interdependencies between diﬀerent products sharing the
same production or distribution equipment.
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Chapter 1

Introduction
The areas of Revenue Management and Supply Chain Management represent two fundamental pillars for the management of industries that procure and distribute consumer
products. The former is concerned with the management of the demand processes and
the development of methodologies and systems required to support this management
function. The area of Supply Chain Management is concerned with the the design of
a supply process to match a given demand pattern as eﬃciently as possible. It may
therefore be viewed as the complement of the Revenue Management area.
While many challenges remain in the development of these two areas, by themselves, there is an increasing recognition of the importance to integrate the two areas
with the help of models which simultaneously manage the supply and demand processes. The integrated area is often referred to as Enterprise Proﬁt Optimization; its
state-of-the-art is still in its infancy.
Determining the ‘right’ price to charge for a product is a complex task. A voluminous literature in economics and marketing has been devoted to models which pre1
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scribe how prices should be set in industries in which a limited number of competing
ﬁrms oﬀer similar products, which may therefore be viewed as substitutes. These papers typically model the interaction among competitors as a noncooperative game, see
Vives (2000) and Tirole (1988) for survey texts.
More recently, operations management papers have demonstrated that the operational environment and associated cost structures may have a fundamental impact on
the equilibrium behavior in the industry, in general, and the resulting price levels in particular. See Cachon (2003) for a recent survey. Little remains known, however, about
how prices should be set in a competitive environment, in the simultaneous presence
of two other major complications:
(i) time dependent demand functions and cost parameters, and
(ii) scale economies in the operational costs
Conversely, traditional inventory and procurement planning models assume that
the demand processes for the ﬁnished goods are exogenously given, when, in reality,
these demand processes can be managed by appropriate price choices, inter alia. It is of
critical importance to understand how eﬀective replenishment strategies are aﬀected
by pricing decisions and how replenishment strategies and pricing decisions are to be
integrated eﬀectively.
This dissertation focuses on the following four areas of complicating factors aﬀecting the union of Supply Chain Management and Revenue Management:
(A) Pricing Decisions. Here we distinguish between two types of settings. In the ﬁrst
case, the ﬁrm operates as a monopolist or in an environment of imperfect compe-
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tition, with the competitors’ prices (temporarily) ﬁxed. In the second case, prices
need to be determined in an environment of imperfect, oligopolistic competition
in which the ﬁrm’s demand depends not only on its own price choices but equally
on those made by each of the ﬁrm’s competitors.
(B) Time-dependent demand functions and cost structures.
(C) Economies of scale in the operational cost. These arise, for example, from ﬁxed
cost components in the procurement processes, i.e. production and distribution
setup costs.
(D) Capacity Limitations, i.e. limits on how many units can be produced in any given
period or, in the aggregate, over the complete planning horizon. Such capacity limits often create interdependencies between diﬀerent products sharing the
same production or distribution equipment.

This dissertation consists of an analysis four ﬁnite horizon planning models. In
each, the planning horizon is partitioned into a ﬁnite number of periods, with decisions
restricted to the the beginning of these periods. Each of the four models integrates several of the complicating factors (A)–(D), as explained below. Each corresponds with one
of chapter 2–5 of this dissertation, with the following titles:
Chapter 2: Progressive Interval Heuristics for Multi-Item Capacitated Lot-Sizing Problems
Chapter 3: Probabilistic Analysis of Progressive Interval Heuristics for Multi-Item Capacitated Lot-Sizing Problems
Chapter 4: Dynamic Pricing Strategies for Multi-Product Revenue Management Prob-
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lems
Chapter 5: Price Competition under Time-Varying Demands and Dynamic Lot Sizing
Costs
Chapters 2 and 3 correspond with Federgruen, Meissner, and Tzur (2002) and
Federgruen and Meissner (2004a), respectively. They consider a multi-item planning
model in which the time series of demands for each of the items under consideration,
is given exogenously. The model integrates complicating factors (B)–(D), above. While
the model, itself, has been addressed since the seventies, in a voluminous literature,
we develop the ﬁrst class of heuristics which can be designed to be simultaneously
polynomially bounded and asymptotically optimal as T , the number of periods in the
planning horizon tends to inﬁnity. The heuristics can also be designed to generate an
-optimal solution for any  > 0. The properties are obtained in the ﬁrst paper, as
worst case guarantees, merely assuming that some of the model parameters are uniformly bounded from above and below. For example, we assume that the demand and
capacity values are uniformly bounded from above. The second paper relaxes this assumption and establishes that performance guarantees hold, with probability one, if the
periods’ demand and capacity values are guaranteed as independent realizations from
an arbitrary (common) multivariate distribution, possibly with unbounded support. To
our knowledge, this paper represents the ﬁrst probabilistic analysis of heuristics in entire lot sizing literature. The ﬁrst paper also reports on an extensive numerical study
demonstrating the practical importance of the proposed class of heuristics.
Chapter 4 corresponds with Maglaras and Meissner (2004) and addresses a planning model in which all demand must be satisﬁed from inventory that is available at the

5
beginning of the planning horizon. In other words, the model addresses settings where
inventory can not be replenished, so that the complicating factory (C) is irrelevant in
this setting. The model succeeds in integrating the factors (A) and (D). More speciﬁcally,
the model assumes that that in each period the demand rate for each of the items can
be adjusted by selecting price levels for all n items. While each item’s demand rate,
in any given period, is given by a demand function of the complete price vector which
prevails in this period, these demand functions are assumed to be time-homogenous.
However, the generalization to the case of time-dependent demand functions is rather
simple, thus enabling the integration of the factors (A), (B) and (D). As such, the model
represents an important generalization and extension to the classical papers by Gallego and van Ryzin (1994, 1997). The model is shown to be applicable, with minor
changes, to a setting where the price levels are determined, upfont, but the ﬁrm has
the discretion to accept or reject individual product requests.
Finally, the ﬁfth and last chapter corresponds with Federgruen and Meissner
(2004b) and addresses a competitive pricing model for an industry in which each of
N competing ﬁrms sell a distinct item or product brand. The diﬀerent items or brands
are (close) substitutes. This model integrates the complicating factors (A)–(C), i.e. it
succeeds in establishing the simultaneous incorporation of the complicating factors (B)
and (C) into an oligopoly model with price- or quantity competition. Prior work has
addressed only one of the factors (B) or (C) in the context of competitive pricing (factor
(A)).
For example, Bernstein and Federgruen (2003) address a setting where each ﬁrm
incurs ﬁxed as well as variable procurement costs along with (linear) inventory carrying
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costs. However, the model assumes an inﬁnite horizon setting with time-invariant demand functions and cost parameters. Here the long-run average operational costs are
given by the simple closed-form Economic Order Quantity (EOQ) cost function, i.e. the
costs are given by the sum of a term that is proportional with the demand value itself
and one that is proportional with the square root of the demand value, thus reﬂecting scale economies. Cachon and Harker (2002) similarly consider, for an industry
with two ﬁrms, a setting with a single set of time-invariant demand functions and
with a closed form cost function given by a concave power function of the demand
volume, (possibly in conjunction with a linear cost component), once again to reﬂect
scale economies. Other than the EOQ-cost model above, the authors show that their
cost structure arises in a speciﬁc service competition model.
At the same time, a stream of marketing papers address competitive pricing problems under time-dependent demand functions, however with simple linear cost functions, and under the assumption that each period’s demand is procured in the same period, i.e. no inventories are carried. Perakis and Sood (2003, 2004) and Kachani, Perakis and Simon (2004) also address competitive pricing problems under time-varying
demand functions. Since each ﬁrm starts the planning horizon with a known inventory
and inventories can not be replenished at any time during the horizon, these models
consider no replenishment costs.
While the demand processes in chapter 2, 3 and 5 are deterministic, the fourth
chapter represents them as homogeneous Poisson processes.

Chapter 2

Progressive Interval Heuristics for
Multi-Item Capacitated Lot-Sizing
Problems

2.1

Introduction

This chapter addresses capacitated dynamic lot-sizing models. We consider a family
of N items which are produced in the same facility or replenished by the same outside
supplier. Demands are speciﬁed for each item and each period of a given horizon of T
periods. If in a given period an order is placed for some or all of the items, set-up costs
are incurred. The aggregate order size is constrained by a capacity limit. The objective
is to ﬁnd a lot-sizing strategy that satisﬁes the demands for all items over the entire
horizon without backlogging, and which minimizes the sum of inventory carrying, ﬁxed
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and variable order costs. All demands, cost parameters and capacity limits may be timedependent, reﬂecting for example, general time-series of forecasts, customer orders,
seasonal ﬂuctuations of the cost parameters, or changes in the capacity due to new
acquisitions or scheduled maintenance.
In the basic model, the setup cost for an order in any given period only depends on
the period index but not on the composition of the order. This assumption is satisﬁed
in many, if not most practical applications, e.g. when the setup cost represents the
ﬁxed cost of dispatching a truck or barge or that of initiating a production run in a
batch production facility. We refer to this basic case as the Joint Setup cost (JS) model.
We extend the model to allow for item-dependent setup costs in addition (or in lieu
of) the joint setup costs and refer to this generalized model as the Joint and Itemdependent Setup cost (JIS)-model.
This capacitated dynamic lot-sizing model is one of the most frequently used deterministic inventory planning models. It needs to be solved repeatedly for each level of
a Material Requirements Planning (MRP) or Distribution Requirements Planning (DRP)
system with the orders resulting from the capacitated lot-sizing problem(s) at a given
level being used as the demand input parameters for the lot-sizing problem to be solved
at the next level. The model represents the fundamental challenge of capacity requirements planning while assessing tradeoﬀs between the costs of holding inventories and
the potential of exploiting economies of scale in the procurement costs.
Based on a variety of applications for the BASF and Procter & Gamble corporations as well as a production-distribution problem for the so-called PAMIPS (1995) and
MEMIPS (1997) projects, Belvaux and Wolsey (2000, 2001) have developed a prototype
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optimization system for a class of capacitated multi-item lot-sizing problems which include the (JIS)-model. The system called bc-prod uses the extended modelling and optimization library of XPRESS as its engine but allows for simpliﬁed problem speciﬁcation
and generates various cutting plane constraints speciﬁc to the structure of lot-sizing
problems. Bixby (2001) in reviewing the progress and future challenges in CPLEX’s
mixed integer programming capabilities emphasizes the importance of supply chain
management models and within this area, the class of capacitated multi-item lot-sizing
problems as being of prime importance and awaiting algorithmic improvements.
The general model is very complex. Florian et al. (1980) have in fact shown that
even the single-item case (N = 1) is NP-complete, as opposed to the uncapacitated
version which, for a planning horizon of T periods, is solvable in O(T log T ) time, see
Federgruen and Tzur (1991), Wagelmans et al. (1992), Aggarwal and Park (1993),
and in O(T ) time under some mild assumptions on the data. The diﬃculty arises in
part because under capacity restrictions, it may no longer be optimal to place an order at the last possible time; in other words, it is not possible to conﬁne oneself to
so called zero-inventory ordering policies. Polynomial time algorithms have been developed in the single-item case, but these tend to be time-consuming and restricted to
special parameter settings only, see Florian and Klein (1971), Bitran and Yanasse
(1982), Chung and Lin (1988) and Van Hoesel and Wagelmans (1996). Recently, Van
Hoesel and Wagelmans (2001) (and Gavish and Johnson (1990) for a more restricted
version of the model) developed a fully polynomial approximation scheme for the general single-item model, i.e. an algorithm which generates an -optimal solution for any
1
 > 0, in an amount of time which is polynomial in the problem size as well as  .
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When several items are involved (N ≥ 2), no eﬃcient solution methods are known,
with the exception of Anily and Tzur (2004a)’s dynamic programming algorithm for
the case of constant capacities, which is of polynomial complexity when the number
of items N is ﬁxed. (This paper also deals with the case where multiple capacitated
batches may be ordered in each period. Anily and Tzur (2004b) develop an exponential search algorithm for the same problem.) It is for this reason that even the more
advanced Manufacturing Resource Planning systems (MRPII) start with the determination of system-wide order releases without consideration of capacity constraints, i.e.
on the basis of the solution (for each stage or item) of the uncapacitated single item
dynamic lot sizing model. It is only in the last phase of the planning process that
the elimination of capacity conﬂicts is attempted by heuristic adaptations of the basic
schedules.
Federgruen and Tzur (1994a) have demonstrated for single-item uncapacitated
dynamic lot-sizing models that optimal or close-to-optimal initial decisions can be
made by truncating the horizon after a relatively small number of periods. A forecast horizon is found in which at most three and usually only two orders are placed
(the obligatory order in the ﬁrst period included). It is reasonable to expect similarly
short forecast horizons to continue to apply when multiple items are considered and
in the presence of capacity constraints, as long as the utilization rate is not very close
to 1. See Federgruen and Tzur (1994a) for a discussion of how these forecast horizon
results relate to capacitated models. This suggests that a close to optimal solution may
be generated by partitioning or truncating the horizon.
We therefore develop and analyze a new class of so-called progressive interval
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heuristics. A progressive interval heuristic consists of J iterations. In iteration , the
problem is solved to optimality for period 1 to some period T , but all integer variables
for periods 1 to T − τ (for some τ > 0) and all continuous variables for periods 1 to
some t ≤ T−1 are ﬁxed at their optimal values after iteration  − 1. When solving
a given interval problem, we append as boundary conditions, the necessary and suﬃcient conditions for a feasible extension to the remainder of the planning horizon. The
horizons are chosen such that 0 = T0 ≤ T1 ≤ · · · ≤ TJ = T and 0 = t1 ≤ t2 ≤ · · · ≤ tJ ,
while τ ≥ T − T−1 the number of periods by which the horizon in the -th iteration
is expanded. The complexity of any mixed integer programming method is largely determined by the number of (unrestricted) integer variables. Choosing the parameter τ
suﬃciently small, therefore ensures that the complexity in each iteration grows only
modestly. Thus, while the heuristic solves a sequence of progressively larger problem
instances, exact solution methods remain viable with only modest increases in computational eﬀort.
We pay special attention to two extreme subsets of this class of heuristics: (i) the
Strict Partitioning heuristics (SP): here t = T−1 and T − T−1 = τ, with the possible exception of the last interval. The planning horizon is thus partitioned into nonoverlapping intervals and in the -th iteration, only the total cost pertaining to the
newly appended τ-period interval are minimized, given the boundary conditions (in
particular ending inventories) generated in the previous ( − 1)st iteration; (ii) the Expanding Horizon heuristics (EH): here t = 0 for all  = 1, . . . , J − 1. A hybrid implementation would e.g. set t = [T − M]+ for some window M. The tradeoﬀs are clear:
(EH) [(SP)] provides, within the class of progressive interval heuristics, maximum (min-
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imum) ﬂexibility at the expense of maximum (minimum) incremental computational
complexity in adjusting the solution from each iteration to the next.
When applied to the (JS)-model, the (SP)-heuristic can be implemented to be, simultaneously, asymptotically optimal as T → ∞ and to run in O(NT 2 log log T ) time, provided some of the model parameters are uniformly bounded from above or from below.
With the same choice of τ and the same interval choices, the (EH)-heuristic continues
to be asymptotically optimal and runs in O (NT 3 ) time. Our numerical study reveals,
however, that it generally results in signiﬁcantly better solutions than the (SP) heuristic. Both heuristics can also be designed as polynomial time approximation schemes,
i.e. to be of polynomial time complexity and to guarantee and -optimal solution for
any  > 0. To our knowledge, these are the ﬁrst heuristics for multi-item capacitated
lot-sizing problems to possess these properties.
While the above theoretical results refer to the (JS)-model, a comprehensive numerical study shows how in particular the (EH)-heuristic, can be eﬀectively used for the general (JIS)-model (with period- and item-dependent setup costs) as well. For the latter, it
is possible to ﬁnd the optimal solution for instances with up to 150–200 setup variables
(e.g. when N = 10 and T = 15 or 20). For these problem sizes, the (EH)-heuristic, generates close-to-optimal solutions with an optimality gap of up to 2% across a large set of
parameter combinations. (The (SP)-heuristic, while signiﬁcantly faster, often generates
solutions with optimality gaps above 10%.)
While exact optimality gaps can not be measured for larger problem instances, our
theoretical results show that (at least for the (JS) model) optimality gaps can be expected to be even lower as T , the length of the planning horizon, increases. We system-
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atically evaluate the performance of both the (SP) and the (EH)-heuristic for problem
instances with the number of items varying from 10 to 25 and the horizon length varying from 10 to 50 in the (JIS) and up to 100 in the (JS)-model. An earlier numerical
study for the single item problem in Federgruen and Tzur (1994b) shows that problems with up to 100 periods can be solved by a slight variant of the (SP)-heuristic with
an optimality gap of less than 7% and, on average, equal to 2%.
Summarizing, the main contributions of this chapter are (i) the design of a new class
of heuristics; (ii) the demonstration that, for (JS), both the (SP)- and (EH)-heuristics can
be designed to be of low polynomial complexity as well as asymptotically optimal; (iii)
the proof that for ﬁnite T , both (SP)- and (EH) can be designed to to be polynomial time
approximation schemes; (iv) the demonstration that a progressive interval heuristic
generates close-to-optimal solutions with modest computational eﬀort, even for large
scale problems.
While our theoretical and numerical analysis are based on the (JS) and (JIS) models,
we believe that the eﬀectiveness of the progressive interval heuristics bodes well for its
use in general multi-period production and inventory problems.
The remainder of this chapter is organized as follows: Section 2.2 reviews the relevant literature. In Section 2.3 we introduce the (JS)-model and its notation. In Section
2.4 we describe the new class of heuristics and develop worst case bounds for their optimality gaps. In Section 2.5, we discuss how each interval problem, which arises in an
iteration of the heuristic, can be solved eﬀectively via a general purpose mixed integer
programming method or a tailor-made branch-and-bound method. This allows us to
identify implementations that are simultaneously asymptotically optimal as well as of
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very reasonable and polynomial complexity. Finally, Section 2.6 discusses extensions to
the general (JIS)-model as well as the numerical study.

2.2

Literature Review

In this section, we provide a brief review of the existing literature, beyond the papers
mentioned in the introduction.
Chen et al. (1994) and Shaw and Wagelmans (1998) developed two relatively efﬁcient pseudo-polynomial solution methods for the general single item model. Their
extensions to the multi-item model result in dynamic programs with a state space of
dimension N and larger, and are therefore entirely unusable except for the smallest
possible number of items N. As mentioned, even for the single-item model, this chapter’s heuristics are, to our knowledge, the ﬁrst to be asymptotically optimal and of
polynomial complexity.
All other existing methods are based on heuristics and none has provable bounds
for the associated optimality gaps. These heuristics can be divided into simple constructive heuristics and mathematical programming based heuristics. The constructive
heuristics include “greedy methods” in which a speciﬁc sequence is proposed to assign the capacity of a given period to satisfy its or later demand, e.g. Eisenhut (1975),
Lambrecht and Vander Eecken (1978), Dixon and Silver (1981), and Maes and Van
Wassenhove (1986). Other constructive heuristics start with the solution of the uncapacitated model, and search for a feasible production schedule by simple shifting
routines, e.g. Van Nunen and Wessels (1978), Dogramaci et al. (1981), Nahmias
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(1989) and Karni and Roll (1982).
The mathematical programming based heuristics employ linear programming, lagrangean relaxation, cutting plane methods and column generation techniques. Examples include Baker and Dixon (1978), Eppen and Martin (1987), Pochet (1988),
Leung et al (1989), Martin (1987) and Trigeiro et al. (1989). We refer to Maes and
Wassenhove (1988), Salomon (1990) and Kuik et al (1994) for detailed surveys of
these methods until 1994.
State-of-the-art solution methods include, in addition to the bc-prod system mentioned in Section 2.1 (Belvaux and Wolsey (2000, 2001)), Stadtler (2003) and Suerie
and Stadtler (2003).

Interestingly, these methods all apply variants of the (EH)-

heuristic: In the ‘ﬁx-and-relax’ heuristic, each consecutive problem instance expands
the horizon of the previous instance by appending the same number (τ) of periods to
its tail. The ‘internally rolling schedule heuristics’ in Stadtler (2003) and Suerie and
Stadtler (2003) use constant interval increments ≤ τ. In each problem instance, instead of imposing boundary conditions that are necessary and suﬃcient for a feasible
extension till the end of the full planning horizon, the authors include the periods beyond the end of the current interval, however with all binary variables in these periods
treated either as continuous variables (bc-prod) or set equal to one (Stadtler (2003)
and Suerie and Stadtler (2003)). The heuristics in the latter two papers substitute
all cost parameters for the after-the-interval periods by zero, with the possible exception of variable overtime cost rates, in case the capacity constraints may be violated by
scheduling overtime. (Additional heuristic changes are applied to an interval’s last set
of periods.)
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Federguen and Tzur (1994c) describe an eﬀective heuristic for the so-called Joint
Replenishment Problem (JRP), which is similar to the (SP)-heuristic. (This heuristic can
be designed to be asymptotically optimal and of polynomial complexity, under speciﬁc
parameter conditions). The (JRP)-model is the special case of the (JIS)-model, which
arises when no capacity constraints prevail. Federgruen and Tzur (1999) describe a
general framework for a variant of the (SP)-heuristic, with applications to other types
of lot-sizing problems.

2.3

The multi-item model with joint setup cost (JS)

In this section we discuss our basic model (JS) with joint setup costs only. We use
the index i ∈ {1, . . . , N} to distinguish between items and the index t ∈ {1, . . . , T } to
distinguish between periods. For i = 1, . . . , N and t = 1, . . . , T , we specify the following
parameters:

dit

=

demand for item i in period t; (dit ≥ 0)

Dt

=

aggregate demand in period t =

cit

=

variable per unit order cost for item i in period t

hit

=

cost of carrying a unit of inventory of item i at the end of period t

Kt

=

setup cost incurred when an order is placed in period t

Ct

=

order capacity, i.e. the maximum number of units which can be ordered in

N

i=1 dit

period t.

Without loss of generality, we deﬁne the units of the items such that ordering one
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unit of an item consumes one unit of capacity. We deﬁne the following decision variables:

xit

=

Yt

=

Iit

=

order size for item i in period t; i = 1, . . . , N; t = 1, . . . , T





 1 if N
i=1 xit > 0
t = 1, . . . , T



 0 otherwise
ending inventory of item i in period t; i = 1, . . . , N; t = 1, . . . , T

Let It0 = the minimum aggregate inventory at the end of period t, such that a feasible
production / inventory plan exists for periods t + 1, . . . , T . These minimum stock levels
are easily computed from the following recursion, which can be veriﬁed by induction:

+
0
It0 = Dt+1 − Ct+1 + It+1
,

t = 1, 2, . . . , T − 1,

with IT0 = 0

(2.1)

The multi-item model can thus be formulated as follows:

z∗

(P)

=




T
N



Kt Yt +
min
(cit xit + hit Iit )


t=1

(2.2)

i=1

s.t.

N


Iit

=

Ii(t−1) + xit − dit ,

xit

≤

Ct Y t ,

Iit

≥

It0 ,

xit

≥

0;

i = 1, . . . , N,

t = 1, . . . , T

t = 1, . . . , T

(2.3)
(2.4)

i=1
N


t = 1, . . . , T

(2.5)

i=1

Iit ≥ 0;

Yt ∈ {0, 1}

(2.6)

The above formulation is often referred to as the network formulation. The plant
location formulation is an alternative that disaggregates the production quantities {xit }
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into {xist } with xist = the amount of item i, ordered in period s to satisfy demand in
period t.

2.4

Progressive interval heuristics: worst case bounds for optimality gaps

A progressive interval heuristic solves a sequence of J problem instances. The ﬁrst instance considers the capacitated lot sizing problem that arises when restricting oneself
to the ﬁrst T1 periods, i.e., it solves (P) with T replaced by T1 . In each of the subsequent
instances, a given number of periods ≤ τ is appended to the tail of the previous plan˜ h ) is solved on the complete
ning horizon. In the h-th iteration, a lotsizing problem (JS
interval {1, . . . , Th }, albeit that all Y −variables of periods 1, . . . , Th − τ are ﬁxed at their
˜ h−1 ). Recall Th − Th−1 ≤ τ,
optimal values in the h − 1st iteration, i.e. when solving (JS
i.e. Th − τ ≤ Th−1 . Thus, the number of unrestricted binary variables in each iteration
remains constant, i.e. equal to τ. Moreover, the aggregate ending inventory in period
Th is constrained from below by the I 0 -value.
Diﬀerent progressive interval heuristics give varying amounts of ﬂexibility to the
continuous variables in each of the J problem instances. As mentioned, we focus in
particular on two extremes: under the Strict Partitioning heuristics (SP), all interval
increments (T −T−1 ) = τ with the possible exception of the last interval. Also, among
the continuous variables, only those pertaining to the last τ periods of the current
planning horizon are allowed to be chosen freely, (i.e. t = T − τ = T−1 ) without
any restrictions beyond those implied by the constraints of (P); all other continuous
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variables are ﬁxed at their optimal value in the previous problem instance.
Under the expanding horizon (EH)-heuristics, all of the continuous variables are
allowed to be varied fully (subject, of course, to the constraints (2.3) - (2.6)), i.e. t =
0; moreover this class allows for T − T−1 < τ,  = 1, . . . , J − 1. If the stepsizes
(T − T−1 ) < τ, even many of the setup decisions determined in one iteration of the
algorithm, may be revisited in subsequent iterations, on the basis of additional demand,
cost and capacity information pertaining to additional periods. (We have observed that
it is often eﬀective to append a single period as one progresses from one interval to
the next, i.e. T − T−1 = 1.)
Various intermediate implementations may be envisioned; for example, a (moving)
window of M > τ periods may be used such that the continuous variables in (up to) the
last M periods are unrestricted, as opposed to the last τ (SP) or all periods under (EH).
Federgruen and Tzur (1999) consider a slight variant of (SP) under which the size and
the composition of the last (or several of the last) order periods in the previously solved
iteration may be varied, along with the production quantities of the newly appended
periods; see ibid for details.
Let zSP and zEH denote the cost of the solutions found by the (SP)- and the (EH)

heuristics, for a given choice of T , t , τ . We now derive worst case bounds for their
optimality gaps, under mild conditions for the cost, demand and capacity parameters.
We ﬁrst derive a lower bound for z∗ as an explicit function of T. It is quite simple
to obtain a lower bound when assuming all periods’ demands are uniformly bounded
away from zero; however, to allow for sporadic demands, we derive an alternative
bound, merely assuming that the cumulative demand over a large enough time interval
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is uniformly bounded away from zero. Its proof, while similar to that in Federgruen
and Tzur (1994c), requires major adjustments to reﬂect the capacity limits.

Theorem 2.1 Assume there exists a positive integer θ ≥ 1, and for all i = 1, . . . , N
positive constants di∗ such that

dit + . . . + di(t+θ−1)
T


dit

≥ θdi∗

i = 1, . . . , N,

≥ T di∗

i = 1, . . . , N

t = 1, . . . , T − θ + 1

(2.7)
(2.8)

t=1

In addition, assume there exist constants K∗ and C ∗ and for each i = 1, . . . , N constants
hi∗ and ci∗ such that Kt ≥ K∗ , Ct ≤ C ∗ , hit ≥ hi∗ and cit ≥ ci∗ for all t = 1, . . . , T . Let
d∗ =

N

i=1 di∗ ,

def

γ = κ+

κ=












N

i=1 ci∗ di∗ ,

K∗
2θ

H∗ =

1
2

N

i=1 hi∗ di∗ .

Then, z∗ ≥ γT where


if

H∗
K̂

≥

1
2θ



 
d∗
H∗
2 )H − 3H θ
(K
+
2H
θ
if
<
<
2
∗
∗
∗
∗

C∗
K̂








2
∗

H∗

 (K∗ +2H∗∗ θ )d∗ + H∗ C − 3H∗ θ
if
≤ Cd∗∗ <
C
d∗
K̂

1
2θ

(2.9)

1
2θ

Proof: We obtain a lower bound by replacing all ﬁxed order costs by K∗ , all capacities by
C ∗ and for each item i = 1, . . . , N all variable order cost rates by ci∗ , and holding cost
rates by hi∗ . We refer to the resulting problem as the transformed problem. Consider a
solution in which m ≥ 1 orders are placed. For  = 1, . . . , m let n denote the number
of periods in the th order cycle, i.e. the interval which contains the th order period
and all subsequent periods prior to the next order interval (if any). (The mth interval
terminates with period T .)
We ﬁrst derive a lower bound for the total holding costs incurred in a single order
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cycle of n periods in the transformed problem. Note that zero-inventory ordering may
fail to be optimal in the capacitated model, i.e. the starting inventory in the ﬁrst period
may be positive for some or all items. However, the holding cost in the order cycle is
clearly bounded from below by assuming that the starting inventory equals zero.
Renumber the periods in this cycle as 1, . . . , n and let n = ψθ + τ with
0 ≤ τ < θ, i.e., ψ =

 
n
θ

. Fix i = 1, . . . , N. Observe by our assumption that in each of the



intervals (j − 1)θ + τ + 1, jθ + τ for j = 1, . . . , ψ at least θdi∗ units are demanded
for item i. Being ordered in or after period 1, the lowest holding costs for these demands arise when θdi∗ units are demanded in period (j − 1)θ + τ + 1
(i.e. in the ﬁrst period of this interval) and none in the remaining periods of the interval



(j − 1)θ + τ + 1, jθ + τ . It follows that the holding costs in a single order cycle of n

periods are bounded from below by


 
1
τ + jθ = i hi∗ θdi∗ ψτ + 2 θψ (ψ − 1)

   
+ 
+ 
 
 

1
1
n
n
n
n
2d
= i hi∗ θdi∗ n
θ
h
θ
−
1
−
2
τ
+
−
1
≥
i∗
i 2 i∗
θ
2
θ
θ
θ
θ



i hi∗ θdi∗

ψ−1 
j=0

def

= g(n) where g(x) = H∗ θ 2



x
θ

+ 

−1

x
θ

−2

+

is convex.

This implies the following lower bound for the total cost over the complete horizon:

z∗






T
d
∗
≥ κT + min K∗ m + min 
g(n ) :
n = T  |m ≥
m 
n
C∗ 
=1
=1

!+ 
!+

  T
T
2
−1
−2
= κT + min K∗ m + H∗ θ m
m
mθ
mθ
"
!#

" T d∗
T d∗ T
"
≤
m
≤
max
,
" C∗
C ∗ 2θ


m


m




(2.10)

The lower bound for m may be imposed because when mC ∗ < T d∗ , it is infeasible
to satisfy all demand. The equality in (2.10) follows, since, by the convexity of g(·),
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equal values n =

T
m, 

= 1, ..., m achieve the minimum to its left. (The upper bound for

m may be imposed since the minimand to the right of (2.10) is increasing for m >
(2.9) follows from (2.10), noting that for m ≤

T
2θ ,

T
2θ .)

the (·)+ operators may be ignored.

We now derive an upper bound for the optimality gap of the (SP)- and (EH)-heuristic.
The bound is established under the parameter conditions of the lower bound Theorem
2.1, a uniform lower (upper) bound for the capacities (holding cost rates) and a condition which speciﬁes that a uniform slack capacity exists over any cycle of θ periods,
i.e.
(S) there exists a constant σ > 0 and an integer ζ such that

t+ζ


Cr ≥

r =t+1

t+ζ


Dr + σ

for all

t = 0, . . . , T − ζ.

(2.11)

r =t+1

We ﬁrst need the following lemma which shows that under condition (S) a uniform
$ %
upper bound prevails for all minimum reserve stocks It0 :
Lemma 2.1 Let condition (S) hold and assume a constant C ∗ exists such that Ct ≤ C ∗ .
Then

def

It0 ≤ U = ζC ∗ − σ

t = 1... ,T.

(2.12)

Proof. By repeated substitutions in (2.1), we get for all t = 1, . . . , T:
It0 = maxt+1≤s≤T

s

r =t+1 (Dr

≤ maxt+1≤s≤min(T ,t+ζ−1)
ity follows from

s

s

r =t+1 Dr

r =t+1 (Dr

+

− Cr )

≤

− Cr ) ≥

= maxt+1≤s≤min(T ,t+ζ−1)
min(T ,t+ζ−1)
t=t+1

s−ζ

r =t+1 (Dr

s

r =t+1 (Dr

+

− Cr )

Dr where, by (S), the second equal-

− Cr ) for s ≥ t + ζ. Thus, It0 can be
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bounded by a sum of ζ consecutive aggregate demands, hence by a sum of ζ consecutive capacity values minus σ , given (2.11). This proves (2.12).

Theorem 2.2 Let (S) hold. Assume there exists an integer θ ≥ 1 and for each i = 1, . . . , N
a constant di∗ such that:

(dit + . . . + di,t+θ−1 ) ≥ θdi∗ ,
T


dit

t = 1, . . . , T − θ + 1;

(2.13)

≥ T di∗ .

(2.14)

t=1

In addition, assume there exist constants K ∗ , K∗ , C ∗ and C∗ and for each i = 1, . . . , N
∗
∗
∗
constants hi∗ , h∗
i , ci∗ , ci such that for all t ≥ 1, K∗ ≤ Kt ≤ K , C∗ ≤ Ct ≤ C , hi∗ ≤



∗
∗ = max c ∗ − c
and
c
≤
c
≤
c
.
Let
∆c
hit ≤ h∗
i∗
it
i
i∗ , η =
i
i
i
∆h∗ = max[h∗
i − hi∗ ] and D∗ =

ρ1
ρ2
ρ

N

i=1 di∗ .

K∗
C∗

+ ∆c ∗ , h∗ = mini hi∗ ,

Let γ be deﬁned as in (2.9) and

'
' &
'
!
!
&
η
1 η
η
η−
+ 1 h∗ .
h∗
2 h∗
h∗
& '
!
!


 ∗

 ∗
U
∆c + K ∗
∗
∗
∗
+ 1 ζ∆h +
∆h .
= U ∆c + K +
σ
h∗
= K∗ + C ∗

&

= ρ1 + ρ2 .

(2.15)
(2.16)
(2.17)

Then,

(a)

zSP − z∗
(J − 1)ρ
≤
,
∗
z
γT

(b)

(J − 1)ρ
zEH − z∗
≤
.
∗
z
γT

Proof: (a) We show that an optimal solution of the complete problem can be transformed, in two phases, into one which is achievable by the (SP)-heuristic, adding at
most (J − 1)ρ to the total cost. In Phase I, the optimal solution is transformed into
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one with all intervals’ ending aggregate inventory equal to their minimum I 0 -level. In
Phase II, the composition of the reserve stock at the end of each of the intervals is made
identical to that of the solution of the (SP)-heuristic.
To describe the transformation in Phase I, renumber the periods in the ﬁrst  intervals from 1, . . . , T , starting with T and going backwards, i.e. period t is now renumbered as T − t + 1, t = 1, . . . , T . With this numbering, period t occurs t periods before
the end of the th interval.
In the optimal solution, let Qir denote the number of units of item i ordered in
period r to satisfy demands in some future period in the ( + 1)st or later intervals
(i = 1, . . . , N, r = 1, . . . , T ). Also, let Qr =
the ( + 1)st interval is =

T

r =1 Qr



i Qir .

The starting aggregate inventory of

> I10 . Since a feasible solution exists for (JS+1 ) with

a starting inventory of I10 only, it is feasible to postpone the orders for

T



r =1 Qr



− I10

units to periods that belong to the ( + 1)st interval itself. The transfer of these order
!

 T

and therefore at most 




r =1 Qr

−I10

 additional setups in the ( + 1)st interval,


!
!

 T
0


r =1 Qr −I1
r =1 Qr
 K∗ ≤ 
 K ∗ ≤ K ∗ + K ∗ T Qr in addi


r =1
C∗
C∗
C∗




quantities requires at most 


 T

C∗

tional setup costs. An upper bound for the total additional costs due to the transfer of
these order quantities is therefore given by:



T N
T
N 
r


K∗  
∗


max
ci − cir −
hi,s Qi,r +
Qir + K ∗

C
∗
s=1
r =1 i=1
i=1 r =1
"

"
N


"
"0 ≤
Qir ≤ Cr , ∀r .
"

"
i=1
This linear progam decomposes into T single constraint problems. Each is straightforwardly solved in closed form: for each r = 1, . . . , T , set Qir = Cr for any item i whose
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objective function coeﬃcient is largest, unless all {Qir : i = 1, . . . , N} - variables have
negative coeﬃcients, in which case it is optimal to set Qir = 0 for all i = 1, . . . , N. This
results in the upper bound K ∗ +
≤ K∗ +

T

+
r =1 [η − r h∗ ] Cr

= ρ1 where Λ =



η
h∗



T

r =1 maxi

≤ K∗ + C ∗

K∗
C∗

+

+ ci∗ − ci,r + hi,r + hi,r −1 + hi,1
Cr

Λ

r =1 [η − r h∗ ]

$
%
1
≤ K ∗ + C ∗ Λη − 2 Λ(Λ + 1)h∗


is an upper bound on the number of periods in which inventory

may be held prior to the -th interval for use during the -th or later intervals. (The ﬁrst
equality follows from the fact that the Λ + 1-st until the T -th term in the sum to its left
vanish). Apply the transfer process sequentially to the intervals  = J − 1, J − 2, . . . , 1
to end up with a solution in which all intervals’ ending aggregate inventory equals the
minimum I 0 -level and whose cost exceeds z∗ by at most (J − 1)ρ1 .
Let L denote the longest shelf life of any unit in stock at the end of the -th interval
 = 1, . . . , J − 1. In Phase II, we transform the Phase I solution by changing the item
identity of at most IT0 units in stock at the end of period T , without any additional
changes in the order and inventory plan. This maintains feasibility, leaves total set-up
costs unaltered and adds at most:

J−1




IT0 ∆c ∗ + L ∆h∗

(2.18)

=1

variable order and holding costs. In view of Lemma 2.1, to show that the summand in
(2.18) is bounded by ρ2 , it suﬃces to show that L ≤

 
U
σ


+1 ζ +

∆c ∗ +K ∗ def
=
h∗

L̄.

$
 

%
U
Assume ﬁrst that at least one of the periods t ∗ ∈ T − σ
+ 1 ζ + 1, . . . , T has
slack capacity (in the Phase I solution). In this case, if one of the IT0 units in the reserve
stock has a shelf life of more than L̄ periods, the ordering of this unit can be post-
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U
poned until t ∗ , thereby reducing inventory costs by at least h∗ L̄ − σ + 1 ζ =
h∗

∆c ∗ +K ∗
h∗

= ∆c ∗ + K ∗ , oﬀsetting any increase in the variable ordering cost (and pos-

sibly one setup cost), due to the postponement. Thus, if any of the IT0 units has a
shelf life larger than L̄, a full capacity order is placed in each period of the interval
 



U
T − σ + 1 ζ + 1, . . . , T , resulting in an ending inventory of at least
T
t=T −(

U
σ

+1)ζ+1

(Ct − Dt ) ≥

 
U
σ


+ 1 σ > U units, which contradicts Lemma 2.1.

(b): Let I () denote the N-vector of ending inventories at the end of the -th interval, as determined in the -th iteration of the (EH)-heuristic,  = 1, . . . , J, and let
$

YtEH : t = 1, . . . , T

%
be the Y -vector chosen by this heuristic. Transform the optimal

solution into a solution π (II) with cost value z(II) via Phase I and Phase II transformations as in part (a) except that in Phase II the -th interval’s vector of ending inventories
is now matched to I () . With T−1 = T0 = 0, let π () be an optimal solution of the mixed
integer program (P  ), where  = 0, . . . , J.

(P  ) :
s.t.

z() = min(2.2)

(2.19)

(2.3) − (2.6)

(2.20)

(h)

IiTh = Ii

i = 1, . . . , N,

h = max( − 1, 1), max(, 1),  + 1, . . . , J
(2.21)

Yt = YtEH

(P 

∗ +1

t = 1, . . . , T−1 .

(2.22)

∗

) is obtained from (P  ), by simultaneously adding the constraints Yt = YtEH , t =
(∗ −1)

T∗ −1 + 1, . . . , T∗ and eliminating the constraints IiT∗ −1 = Ii
π (

∗)

, i = 1, . . . , N. Since

satisﬁes (2.21) and (2.22) for  = ∗ , i.e. since it maintains the same ending
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inventories at the end of the ∗ -th interval as the EH-heuristic does at the end of the
∗ -th iteration, and since it is restricted to the same order periods in the ﬁrst (∗ − 1)
intervals as the (EH)-heuristic is in its ∗ -th iteration, it follows that both π (

∗)

and

the solution obtained by the (EH)-heuristic in its ∗ -th iteration, minimize total costs
over the ﬁrst T∗ periods subject to the constraints (2.21) - (2.22) with  = ∗ . This
implies that π (

∗)

can be chosen such that Yt = YtEH ,

Yt = YtEH for all t = 1, . . . , T∗ . Thus, π (

∗)

t = T∗ −1 + 1, . . . , T∗ and hence

is a feasible solution of (P 

∗ +1

) so that

zEH = z(J) ≤ z(J−1) ≤ · · · ≤ z(0) ≤ z(II) ≤ z∗ + (J − 1)ρ,

(2.23)

where the equality follows from the (EH)-solution optimizing P (J) , the last inequality
from part (a) and the one before that from π (II) being a feasible solution of P (0) .
Remark: The proof of Theorem 2.2 reveals that a tighter bound, with ρ replaced by
a smaller value, may be computed in any given instance, once the number of intervals
and their lengths have been speciﬁed.

2.5

Solution methods for a single interval problem: polynomial
and asymptotically optimal heuristics

We now discuss how a single interval problem in an iteration of the progressive interval
heuristic can be solved eﬀectively. We have found that the general purpose branchand-bound method embedded in CPLEX is very eﬀective to solve (JS) problems; see
Section 2.6 for details. Alternatively, several tailor-made branch-and-bound methods
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can be used. Below, we discuss three such methods. Two of them have the distinct
advantage over the CPLEX-based algorithm that their complexity, for the (SP)-heuristic,
is of the order O(2τ P (τ)) with P (·) a polynomial in τ (The complexity is O(2τ P (T ))
for the (EH)-heuristic.). Theorem 2.2 shows that the two heuristics can be designed
to be asymptotically optimal, e.g. by choosing every (except possibly the last) interval
increment T − T−1 = τ,  = 1, . . . , J − 1 with

*
+
τ = α log T

for some

α>0

(2.24)

or more generally by choosing τ = o(T ), as T → ∞ (The last increment T − T−1 = T −


T
ττ


). Thus, by choosing τ as in (2.24), we obtain an algorithm which is simultaneously

asymptotically optimal and of polynomial complexity.
Our three branch-and-bound methods are based on three bounds for the value of
z∗ .

zLB1

=

minimum cost value in the uncapacitated model, i.e. ignoring constraints
(2.4)

zLB2

=

maxλ≥0 z(λ) where

z(λ)

=

min

$

T
t=1 (Kt Yt

+

N

i=1 (cit xit

+ hit Ii ) + λt [Ct Yt −



i xit ])

s.t. (2.3), (2.5), (2.6)}.

In other words, zLB2 is the value of the Lagrangean dual associated with the relaxation of the capacity constraints (2.5). Clearly, zLB2 ≥ z(0) = zLB1 .
zLB3

=

LB
zLBvar + z ﬁx , where
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zLBvar =

minimum value of the variable costs, i.e. minimum cost value when all setup
costs are reduced to zero, and

LB
z ﬁx

=

minimum value of the ﬁxed (setup) costs required to satisfy all demands
when in each period t the best observed and yet unused setup cost and
capacity value can be used (instead of only Kt and Ct being available).

LB
Therefore, z ﬁx is a lower bound on the minimum value of the ﬁxed costs, i.e.

z∗





T
N
N





≥ min
cit xit +
hit Iit  s.t. (2.3) - (2.6)


t=1 i=1
i=1


T


+ min
Kt Yt s.t. (2.3)-(2.6)



(2.25)

t=1

LB
= zLBvar + z ﬁx = zLB3

In the single item case (N=1), zLB1 can clearly be evaluated via any of the solution methods for the single uncapacitated model. (This can be done in O(T log T ) time, see the
Introduction.) In the multi-item case, evaluation of zLB1 reduces to the solution of the
joint replenishment problem (JRP) without item-speciﬁc setup costs. In the important
special case where no speculative motives for carrying inventory prevail, the complexity of this method is easily veriﬁed to be O(NT 2 ), see Federgruen and Tzur (1994c).
For general variable holding and order costs, any of the known lower bounds for the
JRP can be invoked, e.g. the bound in Federgruen and Tzur (1994c) which requires
O((N + K ∗ )T log T ) time where K ∗ = maxt Kt .
To evaluate zLB2 , the above methods need to be embedded in an unconstrained
optimization technique which searches for the maximizing vector λ.
zLB3 is the sum of two components: zLBvar is the minimum cost network ﬂow in
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a network of special structure. Ahuja and Hochbaum (2004, §6.3)’s algorithm solves
LB
this problem in O(NT log T ) time. To compute z ﬁx , observe that it is optimal to

sequentially postpone setups until the last feasible period, since in any given period,
any prior (unused) capacity and setup cost value may be chosen. Thus, assume that
the ﬁrst j setup periods t(1), t(2), . . . , t(j) have been determined, together with their
“adopted” capacities and setup cost values; the next setup period t(j +1) (if any) is then
obtained as the ﬁrst period t after t(j) for which

t

s=1 Ds

is in excess of the sum of the

adopted capacities for periods t(1), . . . , t(j); it is then optimal to assign to this setup
period the best observed and yet unused setup cost and capacity value. This sequence
of setup periods (and associated setup costs and capacity values) can be determined
in O(T log T ) time, by maintaining two ordered lists of unused capacity and setup cost
parameters. Thus, zLB3 can be computed in O(NT log T ) time.

Branch-and-bound methods
Our branch and bound algorithm bears the following similarities to that in Federgruen
and Tzur (1994c): 1) it implicitly enumerates all possible subsets of the τ undetermined order periods; 2) it characterizes each node of the b & b tree by a partition of the
periods into sets S + , S − and S 0 , with S + the set of periods in which one is committed to
place an order, S − the set in which no order is allowed and S 0 the set of periods where
no decision is ﬁxed yet; 3) the root of the tree has all τ periods in the set S 0 and every
non-terminal node has two successor nodes, one with an additional period shifted from
S 0 to S + and one with the same period shifted to S − . (This period is selected according
to a speciﬁc branching rule.) At any of the leaf nodes, for a given set of order periods,
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the problem reduces to a polynomially solvable network problem.
Compared to Federgruen and Tzur (1994c), a diﬀerent lower bound is used to
evaluate each node of the b & b tree. For all r = 1, 2, 3, and a given node characterized
by S + , S − , S 0 let, Z LBr =



i∈S +

Ki + the value of zLBr when the setup cost for periods

i ∈ S + (S − ) is changed to 0(∞) and the capacity for periods i ∈ S − is changed to 0.
Each of the values Z LB1 , Z LB2 , Z LB3 , can be used as a lower bound for any node in the
tree; Z LB3 gives the optimal solution value for nodes at the bottom of the tree, where
S 0 = ∅.
We now conclude that both the (SP)- and (EH)-heuristic can be implemented as an
asymptotically optimal and polynomially bounded heuristic, e.g., if all intervals are
chosen as in (2.24).

Corollary 2.1 Consider the (SP)-heuristic with interval lengths speciﬁed by (2.24) and
with each interval problem solved by the above branch-and-bound procedure.
(a) In the general multi-item case, the heuristic has complexity O(NT 2 log log T ) if
each node is evaluated by the value Z LB3 and O((N + K ∗ )T 2 log log T ) if evaluated by
Z LB1 .
(b) In the multi-item case without speculative motives, the heuristic has complexity
O(NT 2 log T ) if each node in the branch-and-bound tree is evaluated by Z LB1 .
(c) In the single item case (N = 1) the heuristic has complexity O(T 2 log log T ) if each
node in the branch-and-bound tree is evaluated by Z LB1 or Z LB3 .
(d) Assume the parameter conditions of theorem 2.2 are satisﬁed. The heuristic is
asymptotically optimal as T increases to inﬁnity; the convergence of the optimality gap
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to zero is uniform in N.
Proof. Parts (a)–(c): The (SP)-heuristic requires, to compute its solution for any given
interval, at most 2τ−1 exact evaluations, one for each leaf of the branch-and-bound tree
and 2τ−1 lower bound evaluations of the other nodes of the tree. Exact evaluation of a
leaf takes O(Nτ log τ) time, as shown when discussing zLBvar . Also, τ = O(log T ) and
T

J = O( log T ). The complexity bounds in parts (a)–(c) thus follow from those associated
with a single evaluation of Z LB1 or Z LB3 in the non-leaf nodes of the branch-and-bound
tree, i.e. O(Nτ log τ), O((N + K ∗ )τ log τ), O(Nτ 2 ) and O(τ log τ) respectively. Part (d)
follows from the discussion at the start of Section 2.5.
Thus, the (SP)-heuristic can be designed to be asymptotically optimal with a complexity which grows only somewhat faster than quadratically in T , and linearly in the
number of items N. The (EH)- heuristic has larger complexity. For example, when implemented with interval increments of size τ and τ given by (2.24), its complexity is
O(NT 3 ) when each interval problem is solved by the above branch-and-bound procedure based on the lower bound Z LB3 . On the other hand, the (EH)-heuristic tends to
generate signiﬁcantly superior solutions, as we shall demonstrate in the next section.
The heuristics can also be designed as polynomial approximation schemes.

Corollary 2.2 Assume the parameter conditions of Theorem 2.2 are satisﬁed. For any
$
%
ρ
given  ≥ 0, choose τ = min T , γ and all interval increments T − T−1 = τ (with the
possible exception of the last interval increment which is of length T −

 
T
τ

τ). Assume

each interval problem is solved by the above branch and bound procedure, with each
node evaluated by zLB3 . The (SP)- and (EH)-heuristics result in an -optimal solution with
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a complexity bound which is O(NT ) and O(NT 2 log T ), respectively.
Proof. The optimality gap result is obvious if τ = T . Otherwise, by Theorem 2, for
PI = SP and PI = EH:

zP I −z∗
z∗

, -

≤

(J−1)ρ
Tγ

≤

(

T
τ

−1) ρ
T
γ

≤

T
τ

ρ
γT

= . The complexity counts are

immediate from the proof of Corollary 1.

2.6

The general (JIS) – model and numerical results

In this section, we consider a generalization in which the ﬁxed setup cost associated
with an order depends on the speciﬁc items included in that order. More speciﬁcally,
we assume that, in addition to the period-dependent (joint) setup cost Kt , incurred for
any order in period t, an item-speciﬁc setup cost is incurred for any item included in
the order. Thus, let

κit

=

setup cost incurred when ordering item i in period t;
i = 1, . . . , N; t = 1, . . . , T .

The mixed-integer programming formulation in Section 2.2 is easily adjusted to
incorporate these item- speciﬁc setup costs. Add a new set of zero-one variables:

yit

=





 1

if xit > 0




 0

otherwise,

as well as constraints:

xit

≤ Ct yit

yit

≤ Yt

i = 1, . . . , N,

i = 1, . . . , N,

t = 1, . . . , T .

t = 1, . . . , T .

(2.26)
(2.27)
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The new objective function becomes:



T
N



Kt Yt +
z∗ = min
cit xit + hit Iit + κit yit  .


t=1

(2.28)

i=1

The mechanisms of both the (SP) and the (EH)-heuristics are easily generalized, as
well. Note that it is not necessary to solve each interval problem to optimality; to
accelerate the procedure one may terminate as soon as a solution is found within a
given precision (δ %) of a lower bound. While it is unknown how the bounds for the
heuristics’ optimality gaps can be extended or how the heuristics can be designed to be
asymptotically optimal and polynomially bounded, in practice we ﬁnd that in particular
the (EH)-heuristic generates close-to-optimal solutions in a modest amount of time. To
show this, we have conducted a numerical study, coding our heuristics in C++ and
running them on a Sun 4000 work station with Solaris 7 and 2 GB of RAM.
In designing our study, we have followed the design of Maes and Van Wassenhove
(1986, 1988), one of the most comprehensive comparisons of known heuristics, except
that they conﬁned themselves to instances with N = T = 12 items and periods, while
we have systematically varied the number of items between 10 and 25, and the number
of periods from 10 to 50. (Maes and Van Wassenhove restrict themselves to the case
where only item-speciﬁc setup costs prevail, which remain constant across the complete planning horizon). An additional diﬀerence is that, at the end of the eighties, no
solution method was capable of solving the model to optimality, even for moderate size
problems with N = T = 12. As a consequence, the quality of the proposed heuristics
was gauged by their gap with respect to the best solution found after evaluation of (up
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to) 1000 nodes in a tailor-made branch-and-bound tree. Today, we can solve these and
many larger problems to optimality, enabling us to gauge the actual optimality gaps.
Our base set of problems has N = 10 items and a horizon of T = 15 periods. As
in Maes and Van Wassenhove (1988) all demands {dit } are independently generated
from a Normal distribution with mean 100 and standard deviation of 10. With constant
capacity levels C, we consider three levels for the ‘problem density’, deﬁned as the ratio
T
Ct
Tt=1
D
t=1 t

=

TC
T
:
t=1 Dt

low density where the ratio equals 2, medium density where it equals

4/3 and high where it is 10/9. We set all variable cost rates hit = cit = 1. For each
item i = 1, . . . , N we determine the ﬁxed (item-speciﬁc) setup cost indirectly by ﬁrst



2κ
2κ
κ
choosing the EOQ-cycle time ‘Time Between Orders (TBO)’ = hd = 100 = 50 and
determine the κ value from this identity. The TBO value is generated from a uniform
distribution on the interval [1, 3], when considering low TBO-values, the interval [2, 6],
when considering medium TBO-values, and [5, 10] for the case of high TBO-values. The

2K
joint setup cost is calculated in the same way, i.e. from the identity T BO = 100N .
We start by evaluating the (EH)-heuristic with respect to its optimality gap and running time, compared to the Complete Horizon Method (CHM) – the solution obtained
by the standard CPLEX MIP-solver when applied to the full problem. We consider all 27
combinations which arise when combining the three problem densities, three product
TBO values and three period TBO values. For each of these 27 combinations, we have
generated 5 distinct problem instances and we report in Table 2.1 the average running
times in CPU seconds, when solving the problem with CHM and with the (EH)-heuristic,
implemented with τ = 5, T = ,  = 1, . . . , J = T and δ = 1%. We also report the
optimality gap of the solution generated by this heuristic. A hyphen indicates that
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(one or more) problem instances could not be solved to optimality within 6 hours, in
which case the reported optimality gap refers to the best found solution by CPLEX so
far. (Some of the optimality gaps are negative, implying that the (EH)-heuristic terminates with a better solution than CHM after 6 hours of running time!) We note that, all
optimality gaps are below 1.75%.
Where comparable, the CPU times appear to be of the same order of magnitude as
those in state-of-the-art heuristics such as Stadtler (2003), even though diﬀerences
between the problem instances and platforms make a precise comparison impossible.
Unless speciﬁed otherwise, when CHM is used, we employ the plant location formulation. Conﬁrming prior experience with the (JIS)-model, we have noticed that this
formulation usually, though not necessarily, results in faster solutions. (In contrast,
we use the network formulation, unless speciﬁed otherwise, for progressive interval
heuristics, as it typically runs faster for these heuristics.) As a further benchmark for
the (EH)-heuristic, we have veriﬁed whether exact solutions (via CPLEX 7.1) could be
signiﬁcantly sped up if the problem formulation is strengthened by adding the cutting
plane constraints (see Barany et al. (1984a,b)):


t∈S

xit ≤


t∈S




l



diu  yit + Iil ,

i = 1, . . . , N

and l = 1, . . . T , ∀S ⊆ {1, . . . , l}

u=t

(2.29)

to the network formulation (and the same constraints, with xit replaced by

T
w=t

xitw ,

for the plant location formulation). More speciﬁcally, we have added the violated constraints in (2.29) after solving the LP-relaxation of the complete problem and before
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invoking the CPLEX MIP solver. Table 2.2 revisits the nine categories (of ﬁve problem
instances each) in Table 2.1 in which the item- and period TBO are of the same type,
i.e. in which they are both low, medium or high. Each of the last 6 columns reports on
one of six solution methods, described below and executed with a 1 hour time limit.
The ﬁrst reported number is the optimality gap with respect to the best among the 6
solutions, with a * denoting a 0% gap; where the CPU time is less than 1 hour, we report
this measure within parentheses (in seconds). The 6 methods are: (1) CHM using the
network ﬂow formulation by itself; (2) CHM using the network ﬂow formulation with
the addition of violated cuts; (3) CHM with the plant location formulation by itself, (4)
CHM using the plant location formulation with the addition of the above violated cuts;
(5) the (EH)-heuristic where each interval problem is solved with the network ﬂow formulation, and (6) the (EH)-heuristic with the plant location formulation. We conclude
that the cuts in (2.29) do not result in major improvements either in terms of CPU
time or in terms of the quality of the generated solutions. (Frequently, both attributes
deteriorate, in fact).

medium

low
0.00%
30/18
0.72%
-/80
-1.33%
-/119

TBO period

low item TBO

running time

medium item TBO

running time

high item TBO

running time

-/98

0.96%

2551/54

1.73%

75/19

0.23%

low

density

-/52

0.01%

-/110

1.52%

-/126

-1.10%

high

-/238

0.17%

252/34

0.37%

452/30

0.73%

low

-/210

0.89%

-/126

0.32%

56/23

0.80%

medium

medium

-/232

-0.43%

-/117

0.20%

60/29

0.31%

high

-/448

1.09%

-/145

0.79%

6154/55

0.29%

low

-/170

0.01%

-/150

0.04%

-/126

0.79%

medium

high

-/170

0.49%

-/167

0.49%

6370/98

0.06%

high

Table 2.1: (JIS): Gaps and running times of the EH heuristic with N = 10, T = 15 (limit 6 hours per instance)
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Table 2.2: (JIS): Gaps and CPU seconds of 4 exact and 2 EH heuristic
solutions (limit 1 hour per instance) with N = 10, T = 15
density

TBO

Net

Net w/cuts

Plant

Plant w/cuts

EH w/net

EH w/plant

low

low

* (30)

* (244)

* (67)

* (131)

1.85% (16)

2.35% (28)

low

medium

*

0.75%

1.03%

0.25%

1.15% (38)

1.42% (106)

low

high

*

1.35%

0.90%

0.02%

5.32% (53)

2.19% (145)

medium

low

0.34%

0.64%

*

0.13%

1.17% (25)

1.16 (32)

medium

medium

0.82%

1.03%

0.46%

0.48%

0.12% (67)

* (297)

medium

high

1.02%

0.67%

0.59%

0.14%

0.15% (136)

* (548)

high

low

0.11%

0.40%

*

0.34%

0.31% (51)

0.18% (98)

high

medium

0.78%

1.01%

0.62%

0.91%

0.20% (96)

* (288)

high

high

0.91%

1.15%

1.08%

1.16%

0.04% (392)

* (947)

In Table 2.3, we show that the (EH)-heuristic, again implemented with τ = 5 and
T = ,  = 1, . . . , J, can be eﬀectively used for signiﬁcantly larger problem instances.
Varying N from 5 to 25 and T from 10 to 50, we report the CPU running time in seconds.
We specify the parameters as above, conﬁning ourselves to the case where the problem
density is medium, as is the ‘item TBO’ and ‘period TBO’ value. Three problem instances
are generated for every combination of N and T .
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Table 2.3: (JIS): Running times for the (EH)-heuristic
periods

10

25

50

5 item

7

42

124

10 item

29

184

524

15 item

416

2694

4310

20 item

1600

9372

16159

25 item

20335

66634

58264

As mentioned in Section 2.4, the (SP)-heuristic is considerably faster than the (EH)heuristic but it generally generates solutions with signiﬁcantly larger optimality gaps.
Table 2.4 illustrates this for a set of 27 problem instances, all with N = 10 and T =
15 and parameters as speciﬁed in our basic set. Focusing on the medium problem
density case, we consider all 9 combinations of ‘product TBO’ and ‘period TBO’-values,
generating 3 instances for each. We report on the running times of CHM (terminated
when a solution is found within 1% of the best lower bound), the (EH)-heuristic and
the (SP)-heuristic. We also report both heuristics’ average optimality gaps. While the
optimality gap for the (EH)-heuristic is never in excess of 3% and on average equals
1.2%, that of the (SP)-heuristic may be as high as 33% and is on average 14.7%.

41
Table 2.4: (JIS): Gaps and CPU seconds for the CHM (within 1% of LB),
the (EH)- and (SP)-heuristic with N = 10, T = 15
TBO period

low

medium

high

low item TBO

0.9%/3.9%

0.1%/7.0%

0.3%/8.6%

running time

9/7/1

9/8/1

13/6/1

medium item TBO

1.3%/11.3%

0.8%/11.5%

0.5%/11.0%

running time

262/19/1

390/19/1

208/18/1

high item TBO

2.8%/33.8%

2.9%/25.9%

1.2%/19.7%

running time

7854/23/1

5235/24/1

6750/26/1

In Table 2.5, we evaluate the optimality gaps for the (JS)-problem with period-dependent setup costs only. To this end, we consider a set of 45 problems with N = 10 and
T = 30 periods; we again consider all 9 combinations of ‘TBO’ and problem density
values and generate 5 problem instances for each for these combinations. We report
the CPU times of the CHM, the (EH)- and the (SP)-heuristic, along with the optimality
gaps associated with both heuristics. Once again, the (EH)-heuristic generates solutions
within 1% of optimality and does so within approximately 20 seconds of CPU time. The
CHM often requires several thousands of CPU seconds (i.e. many hours of CPU time);
its solution times depend highly on the parameters of the problem. The (SP)-heuristic
is an order of magnitude faster than the (EH)-heuristic but may generate solutions with
optimality gaps as large as 15%. Clearly, the (EH)-heuristic can be employed for far
larger problem instances.
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Table 2.5: (JS): Gaps and CPU seconds for CHM, the (EH)-heuristic
and the (SP)-heuristic with N = 10, T = 30
density

low

medium

high

low TBO

0.2%/6.0%

0.5%/1.6%

0.2%/0.5%

running time

44/17/1

48/17/1

21/17/1

medium TBO

0.8%/12.1%

0.1%/3.4%

0.1%/5.0%

running time

742/29/3

712/19/1

85/19/1

high TBO

0.5%/15.0%

0.1%/3.9%

0%/6.0%

running time

1150/22/2

3973/21/1

127/19/1

Finally, we consider the case with item-dependent set-up costs only. Table 2.6 compares the (EH)-heuristic and CHM, for the nine relevant item-TBO and problem density
values in Table 2.1 (As in Table 2.2, the CHM is terminated after 1 hour). All of our
conclusions regarding the quality of the (EH)-heuristic solutions and the running times
continue to apply for this special case of the (JIS)-model.
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Table 2.6: (JIS): Gaps and CPU seconds for CHM
and the (EH)-heuristic with item-dependent
ﬁxed costs only (Kt = 0, N = 10, T = 15)
density

low

medium

high

low item TBO

0.5%

0.5%

0.4%

running time

2/7

7/7

-/13

medium item TBO

1.7%

1.6%

-1.1%

running time

-/28

-/44

-/103

high item TBO

1.0%

-0.7%

-2.5%

running time

-/41

-/126

-/358

Returning to the general (JIS)-model, Belvaux and Wolsey (2000, 2001) observe
that in many applications, at most one or two items may be ordered per period. The
authors refer to such models as ‘small bucket models’. Once again, the mechanics of the
(SP)- and (EH)-heuristic are straightforwardly adjusted to accommodate this restriction.
For small bucket models even the branch-and-bound methods of Section 2.5 are easily
adjusted. Choosing τ = α log T , as in (2.24), this gives rise to a polynomial time
implementation of the heuristics for the (JIS)-model, where the complexity bound is
a factor O(N) or O(N 2 ) larger than the corresponding complexity bound for the (JS)model.
Similarly, the mechanics of the (SP)- and (EH)-heuristic are easily adjusted to (i) add
capacity limits for individual items in each period, to (ii) allow for multiple capacitated
order batches in every period, as in Anily and Tzur’s (2004a,b) MIMV-problem, to (iii)
address the hierarchical planning problems in Graves (1982) or Van Roy and Wolsey
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(1987) which diﬀer from the (JIS) model with capacity limits for each item only by
allowing the (joint) capacity to be increased with overtime at a linear penalty cost, or to
(iv) handle any of the other variants mentioned in Belvaux and Wolsey (2000, 2001).

Chapter 3

Probabilistic Analysis of Progressive
Interval Heuristics for Multi-Item
Capacitated Lot-Sizing Problems

3.1

Introduction

This paper conducts a probabilistic analysis of an important class of heuristics for
multi-item capacitated lot sizing problems. More speciﬁcally, we address the following
classical problem (P): a family of N items is to be procured from the same production
facility or outside supplier. The planning horizon consists of T periods (not necessarily
of equal length). Demands are speciﬁed for each item and each period of the planning
horizon. The aggregate order size, in any given period, is bounded by a capacity limit,
which may vary over the course of the planning horizon. The costs consist of inventory
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carrying, variable and ﬁxed order costs. As to the latter, the ﬁxed order cost in any
given period only depends on the period index, but not on the composition of the
order. The inventory and variable order costs are proportional with the end-of-period
inventories and order sizes, at item- and period-dependent cost rates. The objective is
to minimize total costs for the planning horizon while satisfying all demands, without
backlogging.
Despite a voluminous literature devoted to the general model (P), it continues to
present a major challenge to theoreticians and practitioners alike. The problem is NP
complete, even in the special case of a single item (N = 1), as shown by Florian et
al (1980). Until recently, exact and heuristic solution methods have only been successfully applied to instances with a relatively low number of items and/or periods.
Chapter 2 of this dissertation investigated the following class of so-called progressive
interval heuristics. A progressive interval heuristic consists of J iterations, where, iteration by iteration, the problem is solved, to optimality, over a progressively larger time
interval [1, T ], i.e. T1 ≤ T2 ≤ · · · ≤ TJ = T . When solving a given interval problem,
the necessary and suﬃcient conditions for a feasible extension to the remainder of the
planning horizon are appended as boundary conditions. To ensure that the computational complexity in each iteration remains manageable, the heuristic ﬁxes, in iteration
, all integer variables for periods 1 to T − τ (for some τ > 0) and all continuous variables for periods 1 to some t ≤ T−1 at their optimal value after iteration  − 1. The
horizons are chosen such that 0 = t1 ≤ t2 ≤ · · · ≤ tJ while τ ≥ T − T−1 , the number
of periods by which the horizon is expanded in the -th iteration.
We characterize the asymptotic performance of the progressive interval heuristics
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as T goes to inﬁnity, assuming the data are realizations of a stochastic process of the
following type: the vector of cost parameters follows an arbitrary process with bounded
support, while the sequence of aggregate demand and capacity pairs is generated as an
independent sequence with a common general bivariate distribution, which may be of
unbounded support. We show that important subclasses of the class of progressive
interval heuristics can be designed to be asymptotically optimal with probability one,
while running with a complexity bound which grows linearly with the number of items
N and slightly faster than quadratically with T . Our probabilistic analyses complement
the worst case analyses in Chapter 2 where asymptotic optimally is shown under conditions which require that all demands and capacities are uniformly bounded and that the
aggregate capacity over a large enough interval of time exceed the aggregate demand
by at least a minimum slack value σ > 0. Both of these assumptions are somewhat
restrictive, in the context of an asymptotic analysis where very large planning horizons
T are considered.
For many types of complex (NP-complete) logistical planning problems, probabilistic analyses have provided performance guarantees for various classes of heuristics,
fostering insights into which algorithmic approaches are eﬀective for large size problems. One such planning area is that of vehicle routing, starting with the seminal papers
by Karp (1979) and Haimovich and Rinnooy Kan (1985); see Coffman and Lueker
(1996), Federgruen and Simchi-Levi (1992) and Anily and Bramel (1999) for surveys. (Some of the planning models integrate vehicle routing with inventory planning
but, thus far, only in a context of demand processes that occur at constant rates.) Other
logistical planning areas supported by probabilistic analyses include (hierarchical) fa-
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cility location and sourcing models (e.g. Chan and Simchi-Levi (1996), Gallego and
Simchi-Levi (1997), Fisher and Hochbaum (1980), and Romeijn and Romero Morales
(2001)). See Bramel and Simchi-Levi (1997) for a general overview. Rhee and Talagrand (1987, 1989) and Rhee (1993) have shown how probabilistic analyses of a variety of logistical planning problems can be based on speciﬁc large deviation results.
Our analyses, as well, are in part, based on such large deviation techniques. To our
knowledge, the probabilistic analyses in this paper represent the ﬁrst such analyses
for inventory planning models with time-varying parameters (, otherwise referred to as
dynamic lot sizing problems).
We conclude this section with a brief review of the relevant literature beyond the
papers mentioned above. The (NP-) complexity of the problem arises from the superposition of (joint) setup costs and capacity limits. Indeed, the problem is solvable in
O(NT log T ) time, if either the capacity constraints are relaxed or in the absence of
ﬁxed order costs. In the former case, the problem decomposes into N independent
single item lotsizing problems for which one of the O(T log T ) methods by Aggarwal
and Park (1992), Federgruen and Tzur (1991) or Wagelmans et al. (1992) can be
used. In the latter case, the problem is solvable in O(NT log T ) time with Ahuja and
Hochbaum (2004)’s recent method.
There is a voluminous literature describing various heuristics for the general multiitem model. We refer to Salomon (1990) and Kuik et al. (1994) for surveys of the
literature until 1994. State-of-the art solution methods include Belvaux and Wolsey
(2000, 2001), Stadtler (2003) and Suerie and Stadtler (2003). These methods are
all based on variants of progressive interval heuristics. See Chapter 2 for details and a
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more detailed literature review. Other than the above mentioned worst case analyses
in the latter paper, the only performance guarantees for heuristics for capacitated lotsizing problems with general time-dependent capacity limits are due to Gavish and
Johnson (1990) and van Hoesel and Wagelmans (2001). The latter developed a fully
polynomial approximation scheme for the general single-item model, after the former
proposed such a scheme for a more restricted version of the problem.
The remainder of this chapter is organized as follows: In Section 3.2, we specify the
model, the probability model generating its data and the class of progressive interval
heuristics. In Section 3.3, we establish almost sure asymptotic optimality for heuristics
in this class as well as their polynomial complexity bound. Section 3.4 concludes the
chapter with a discussion of the case where the items’ shelf life is uniformly bounded
e.g. because items are perishable.

3.2

The model and the class of progressive interval heuristics

The model employs the following data, where the index i ∈ {1, . . . , N} is used to distinguish between items and time periods are indexed by t. (Demands are represented
as multiples of the volume that consumes one unit of capacity):

cit

=

variable per unit order cost for item i in period t

hit

=

cost of carrying a unit of inventory of item i at the end of period t

Kt

=

setup cost incurred when an order is placed in period t

dit

=

demand for item i in period t; (dit ≥ 0)
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N

Dt

=

aggregate demand in period t =

Ct

=

order capacity, i.e. the maximum number of units which can be ordered in

i=1 dit

period t.

We use the following set of decisions variables:

xit

=

Yt

=

Iit

=

order size for item i in period t; i = 1, . . . , N; t = 1, . . . , T





 1 if N
i=1 xit > 0
t = 1, . . . , T



 0 otherwise
ending inventory of item i in period t; i = 1, . . . , N; t = 1, . . . , T

Let It0 = the minimum aggregate inventory at the end of period t, such that a feasible
production / inventory plan exists for periods t + 1, . . . , T . These minimum stock levels
are easily computed from the following recursion, which can be veriﬁed by induction:

+
0
It0 = Dt+1 − Ct+1 + It+1
,

t = 1, 2, . . . , T − 1,

with IT0 = 0

(3.1)

This is the well known Lindley equation, see e.g. Asmussen (1987). The following is
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a standard formulation:

z∗

(P)

=




T
N



Kt Yt +
min
(cit xit + hit Iit )


t=1

(3.2)

i=1

s.t.

N


Iit

=

Ii(t+1) + xit − dit ,

xit

≤

Ct Y t

Iit

≥

It0

xit

≥

0;

i = 1, . . . , N,

i = 1, . . . , N,

t = 1, . . . , T

t = 1, . . . , T

(3.3)
(3.4)

i=1
N


t = 1, . . . , T

(3.5)

i=1

Iit ≥ 0;

Yt ∈ {0, 1}

(3.6)

We assume that the model data are generated by the following probabilistic model:
the (2N + 1)T cost parameters {Kt , cit , hit } are generated by an arbitrary stochastic
process with support on a hypercube in the positive orthant of R(2N+1)T . As to the
sequence of aggregate demand and capacity pairs {(Dt , Ct ) : t = 1, . . . , T },we assume:
(A) {(Dt , Ct ) : t = 1, . . . , T } is a sequence of independent pairs of random variables,
all distributed like (D, C) with a general bivariate distribution, possibly with unbounded
support, such that the marginal distribution of D has a moment generating function,
i.e. E(eθD ) exists for some θ > 0, δ = E(D) > 0 and the support of the distribution of
C is bounded from below by a constant C∗ . Moreover, µ = E(C) − E(D) > 0.
The requirement that the demand distribution has a moment generating function
which is ﬁnite in the neighborhood of the origin covers most of the distributions commonly used in (stochastic) inventory models. (e.g. the Normal, Gamma, Negative Binomial or Weibull distributions). The condition merely precludes heavy-tailed demand
distributions which implies heavy-tailed distributions for the steady-state distribution
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$ %
of the reserve-stock variables It0 . The condition µ = E(C) − E(D) > 0 is necessary to
ensure that the generated problem instances be feasible as T becomes large. Let ψ(θ)
denote the cumulative generating function (cgf) of the random variable (D-C) which is
the logarithm of its moment generating function:


ψ(θ) = log E eθ(D−C) .

Since D has a ﬁnite moment generating function on some interval [0, θ̄], so does (D−C),
so that ψ(θ) < ∞ on [0, θ̄]. Moreover, ψ(·) is diﬀerentiable with ψ(0) = 0 and ψ (0) =
−µ < 0, by (A), so that ψ(θ) < 0 for all θ > 0, suﬃciently small.
When the items have a limited shelf life, we show in Section 3.4 that our results
continue to apply under generalizations of condition (A), allowing for various forms of
intertemporal demand and capacity dependencies.
In a progressive interval heuristic, employing J iterations, the -th iteration consists
of solving (P), with T replaced by T and all (integer) Y -variables for periods 1, . . . , T −τ
and all (continuous) x- and I-variables for periods 1, . . . , t ≤ T−1 ﬁxed at their optimal value in the  − 1st iteration. (In the ﬁrst iteration, no restrictions apply to any of
the variables.) Thus, the number of unrestricted integer variables in each (except for
possibly the ﬁrst) iteration is kept constant at τ. Since the complexity of any mixed
integer program is primarily determined by the number of (unrestricted) integer variables, the computational complexity remains manageable when choosing τ suﬃciently
small, and from each iteration to the next it grows only moderately.
As in Chapter 2, we pay special attention to two extreme subclasses: (i) the Strict
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Partitioning heuristics (SP), with all (except for possibly the last) interval increment
T − T−1 = τ and t = T−1 = T − τ; (ii) the Expanding Horizon heuristics (EH)
with all t = 0. The (SP)-heuristics are related to the Time Partitioning heuristics, see
Federgruen and Tzur (1999).
Thus, the (SP)-heuristics minimize the computational complexity of each interval
problem at the expense of providing minimal ﬂexibility to the continuous variables.
The (EH)-heuristics, while of larger computational complexity, provide maximal ﬂexibility for the continuous variables and even for the integer variables, in case interval
increments T − T−1 < τ are chosen. Under such choices, even many of the setup decisions made in one iteration, may be revisited in subsequent iterations, on the basis of
additional demand, cost and capacity information pertaining to additional periods. The
numerical study in Chapter 2 indicates that (EH)-heuristics can be used eﬀectively to
solve moderate to large size problem instances and that the solutions generated come
very close to being optimal. Those generated by (SP)-heuristics typically exhibit larger
optimality gaps.

3.3

Almost sure asymptotic optimality

In this section, we show that both (SP)- and (EH)-heuristics can be designed to be simultaneously almost surely asymptotically optimal as well as of low polynomial complexity.
As with all (SP)-heuristics, we conﬁne ourselves to (EH)-heuristics in which (with the
possible exception of the last iteration) exactly τ periods are appended to the tail of
the planning horizon, as we progress from one iteration to the next (T − T−1 = τ).

54
We show that both heuristics, with cost values zSP and z(EH) , respectively, are almost
surely (a.s.) asymptotically optimal if the interval increment τ is adjusted as a function
of T , where

τ

= Ω (log T ) ,

τ

*
+ζ
= = η log T ,

τ
= ∞, e.g.
T →∞ log T

i.e.

lim

for some η > 0

(3.7)

and ζ > 1

To derive a speciﬁc complexity bound, we assume that each interval problem in each
iteration is solved with a tailored branch-and-bound procedure, i.e. the b&b-procedure
in Section 2.5 in which each non-leaf node of the tree is evaluated with lower bound
LB3 , ibid.
*
+ζ
Theorem 3.1 Consider a (SP)-heuristic with τ = η log T
for some η > 0 and ζ > 1.
The heuristic is asymptotically optimal , a.s. and it can be designed to run
in O(NT ζ+1 log log T ) time as well.
Proof. Let ci∗ > 0 denote the essential inﬁmum of the stochastic process
{cit : t = 1, . . . , T }. Observe ﬁrst that by the law of large numbers, with probability
one, lim infT →∞

z∗
T

≥

N

1
i=1 ci∗ lim infT →∞ T

T

t=1 dit

=

(Note that δi > 0 for at least one i = 1, . . . , N since

N

i=1 ci∗ δi

N

i=1 δi

with probability one, the numerator in the optimality gap

> 0, with δi = E(dit ).

= δ > 0.) In other words,

zSP −z∗
z∗

grows at least linearly

in T . It thus suﬃces to show,

1  SP
z − z∗ = 0,
T →∞ T
lim

a.s.

(3.8)
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As in the worst-case analysis of Theorem 2.2 in Chapter 2, we transform an optimal
solution for the complete problem in two phases into a solution which is achievable
by the (SP)-heuristic. In Phase I, the optimal solution is transformed into one with all
intervals’ ending aggregate inventories equal to their I 0 -values. (Note that that the
solution generated by the (SP)-heuristic satisﬁes this property as well.) Let zI denote
its cost value. In Phase II, the composition of the reserve stock at the end of each of
the intervals is made identical to that of the solution of the (SP)-heuristic, resulting
in a solution with the cost value zII . This solution is one which is among the ones
considered by the (SP)-heuristic, i.e. zII ≥ zSP . Thus,

zII − z∗
zII − zI
zI − z∗
zSP − z∗
≤
=
+
T
T
T
T

(3.9)

Following the proof of Theorem 2.2 in Chapter 2 and given the (general) assumption
about the stochastic process which generates the cost parameters, ones veriﬁes that
an integer Λ > 1 and constants B1 and B2 exist such that zI − z∗ ≤ (J − 1)B1 +
B2

J−1 T
=1

r =T −Λ+1 Cr . If Λ > τ, the partial sums

overlap. However, zI − z∗ ≤ (J − 1)B1 + B2
Thus,

zI −z∗
T

≤

since limT →∞
limT →∞

(J−1)
T

J−1
T

1
(J−1)Λ

T



B1 + B2

Λ
1
τ Λ (J−1)Λ

$T


%
C
:

=
1,
.
.
.
,
J
−
1
may
r =T −Λ+1 r

, -
T
Λ
τ

T

r =T −(J−1)Λ+1 Cr

r =T −(J−1)Λ+1 Cr

is a valid upper bound.


and limT →∞

zI −z∗
T

= 0 a.s.,

= limT →∞ τ −1 = 0 and since, with probability one,

r =T −(J−1)Λ+1 Cr

= E(C1 ) < µ by the law of large numbers and the fact

that the sequence {Ct : t = 1, 2, . . . } is an i.i.d. sequence of random variables.
To bound the additional cost incurred because of the Phase II transformation, let
∆c ∗ = maxt maxi= [cit − ct ], ∆h∗ = maxt maxi= [hit − ht ], h∗ = infi,t hit and K ∗ =
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maxt Kt and note that ∆c ∗ = O(1), ∆h∗ = O(1) and K ∗ = O(1) as T → ∞ while h∗ > 0.
The solution obtained after Phase I and the solution generated by the (SP)-heuristic,
both have IT = IT0 for all  = 1, . . . , J. In Phase II, we obtain the desired composition of
the ending inventory at the end of the J intervals by changing (only) the item identity of
at most (all of the) IT0 units in the ending inventory of the −th interval, without any additional changes in the order- and inventory plans. The transformed solution remains
feasible, incurs no additional ﬁxed order costs and adds at most

J−1

I 0 (∆c ∗ +L ∆h∗ )
=1 T

in variable costs, where L denotes the shelf life of the oldest unit in the reserve stock
at the end of period T . Thus, to prove (3.8) it suﬃces to show that
J−1

1  0  ∗
lim
IT ∆c + L ∆h∗ = 0,
T →∞ T
l=1

Recall that

a.s.

(3.10)

$ %
It0 in (3.1), when traversed backwards, is a Lindley process. Since the

pairs {(Dt , Ct )} are i.i.d, and since µ > 0,

$ %
It0 has a limiting distribution I 0 (i.e.

w

limt→∞ I 0 (T ) = I 0 , where the convergence is in distribution.) with E(I 0 ) < ∞, see
Asmussen (1987, §8.1). Moreover, in view of the remaining assumption in (A), the distribution of I 0 has an exponential tail, i.e. there exist constants α and β > 0 such
that P r [I 0 > x] ∼ αe−βx , x → ∞ (i.e. limx→∞

P r [I 0 >x]
αe−βx

= 1) (see Assmussen (1987,

§12.5). Thus, for some x 0 > 0, P r [I 0 > x] ≤ 2αe−βx , for all x > x 0 . Finally, let
Ī(T ) = maxt=1,... ,T It0 denote the largest minimum reserve stock required over the entire planning horizon. Since I 0 has the same distribution as [D − C + I 0 ], and since
0 = IT0 ≤st I 0 , one easily veriﬁes by complete induction that It0 ≤st I 0 for all t = 1. . . . , T .
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Let ñ(T ) =


τ log T denote the geometric mean of τ and log T and note from (3.7)

that

log T
=0
T →∞ ñ(T )
lim

ñ(T )
= 0.
T →∞
τ
lim

(3.11)



lim P r L ≤ ñ(T ) for all  = 1, . . . , J − 1 = 1

(3.12)

and

We ﬁrst show that

T →∞

i.e. asymptotically the maximum shelf-life of any unit in the reserve stock at the
end of any of the intervals (in the Phase I solution) is almost surely bounded by ñ(T ).
Under (3.12) we have almost surely that (3.8) holds since
I−1
1  0
0 ≤ lim
IT (∆c ∗ + L ∆h∗ )
T →∞ T

2

=1

#
J−1
(∆c ∗ + ñ(T )∆h∗ )
1  0
IT
(J − 1) lim
T →∞
T →∞ J − 1
T
l=0

!
ñ(T
)
= h∗ lim
E(I 0 ) = 0, a.s.
T →∞
τ
≤

lim

$ %
where the ﬁrst equality follows from the the fact that the It0 -process is ergodic, so
that a long-run average, sampled at equidistant epochs, converges with probability one
to the expected value of the limiting distribution, while the second equality follows
from (3.11).
It remains to prove (3.12). Note that P r [L1 > ñ(T )
ñ(T )] ≤

J−1
l=1

or

L2 > ñ(T )

or

. . . LJ−1 >

P r [L > ñ(T )]. Choose 0 < θ < β such that ψ(θ) < 0. To bound each of
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the terms in the sum, consider ﬁrst the conditional probability P r [L > ñ(T )]|IT = i0 ],
which is bounded by P r

T


r =T

0
0
−n(T )+1 (Cr − Dr ) ≤ i |IT = i



with n(T ) = ñ(T ) −

∆c ∗ +K ∗
.
h∗

(If a unit, in stock at the end of period T , has a shelf life larger than ñ(T ), this
implies that a full capacity order is placed is in each of the periods in the interval
[T − n(T ) + 1, . . . ..., T ], for otherwise the procurement of this unit could be postponed till some period in this interval with slack capacity, saving at least ñ(T ) − n(T )
periods’ carrying costs, i.e. at least (∆c ∗ + K ∗ ), more than oﬀsetting any additional
order costs. However, given the condition It = i0 , this situation can only happen if
T

r =T −n(T )+1 (Cr



− Dr ) ≤ i0 .) Thus,

P r L > ñ(T )|i0







T



≤ Pr 


(Cr − Dr ) ≤ i0 |IT = i0 

r =T −n(T )+1



T



= Pr 




(Dr − Cr ) ≥ −i0 |IT = i0 

r =T −n(T )+1





= Pr 

(Dr − Cr ) ≥ −i0 

n(T
)
l=1

(3.13)



− ψ(θ)
≤ exp −n(T ) 


n(T )





−θi0

where the second equality follows from the fact that IT0 only depends on the demand and capacity values in periods T + 1, . . . , T , see (1), so that the conditional distributions of {(Dr − Cr |IT0 ) : r = T − n(T ) + 1, . . . , T } coincide with the unconditional
distributions {Dr − Cr : r = T − n(T ) + 1, . . . , T } and hence those of {D1 , . . . , Dn(T ) }
by the i.i.d. assumption of {(Dt , Ct )}∞
t=1 . The last inequality in (3.13) follows from Cher-
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noﬀ’s inequality. We thus obtain the following bound on the unconditional probability

P r [L > ñ(T )] ≤ EI 0

T

%

$
exp(−n(T )ψ(θ)) exp(θ ĪT )

(3.14)

≤ exp(−n(T )ψ(θ))EĪr exp(θ ĪT )

Note that



E exp θ Ī(T )
= −

3∞
0

= 1+
≤ 1+
≤ 1+

eθx d[1 − P r (Ī(T ) ≤ x)] = 1 +

3∞
0
T


θeθx P r [I10 > x
3∞

t=1 0

T 3∞


t=1 0

≤ 1+T
≤ 1+T

θeθx P r [Ī(T ) > x]dx

0

I20 > x

. . . IT0 > x]dx

or

θeθx P r [It0 > x]dx
θeθx P r [I 0 > x]dx = 1 + T

43 0
x
θe

θx

θe

θx

0

43 0
x
0

or

3∞

0

P r [I > x]dx +

3∞

3∞
x0

θe

2αθ e(θ−β)x0
dx +
e
(β − θ)

θeθx P r [I 0 > x]dx

0
θx

5
2αe

−βx

5
= 1 + Tb

dx

(3.15)
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0

0

2αθ (θ−β)x
with b = eθx −1+ (β−θ)
e
, where the second inequality follows from It0 ≤st I 0 ,

for all t. Thus, with a = −ψ(θ) > 0:

0 ≤
≤
≤

lim P r [L1 > ñ(T ) or

T →∞

lim

T →∞

J−1


L2 > ñ(T )

or

. . . LI−1 > ñ(T )]



P r L > ñ(T )

l=1

lim {(J − 1) exp{−an(T )} (1 + T b)
6

an(T )
T2
= b lim
exp(− log T
)
T →∞
τ
log T
T →∞

T2 1
an(T ) = 0
T →∞ τ
T log T

= b lim

where the last inequality follows from (3.14) and (15) and the last equality from
(3.11). This proves (3.12), hence (3.10) and (3.9).
It remains to he shown that when τ = η (log T )ζ , with ζ > 1, the progressive interval heuristic runs in O(NT 1+ζ log T ) time, when each interval problem is solved with
the above described b&b method. The discussion in Section 2.5 shows that evaluation
of any node of a b&b tree requires O(Nτ log τ) time. Since this needs to be done at most
T

2τ times to evaluate the complete tree, and since τ = O( ζ ) interval problems need to
be solved, the complexity bound follows immediately.
The same simultaneous (almost sure) asymptotic optimality and polynomial complexity can be obtained for the above (EH)-heuristic, under the same choice for the
interval increment τ as in (3.11). The complexity of this (EH)-heuristic is
O(T log log T /(log T )ζ−1 ) larger than that of the (SP)-heuristic. Nevertheless, complexity
grows only linearly with N and (only) slightly faster than cubically with T:
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,
Theorem 3.2 Consider an (EH)-heuristic with τ = η (log T )ζ for some η > 0 and ζ >
1. The heuristic is asymptotically optimal a.s. and can be designed to run in
O(NT 2+ζ /(log T )ζ−1 ) time.
Proof: The proof is analogous to that of Theorem 3.1, with only the following modiﬁcations: The Phase II transformation should modify the composition of the reserve
stock at the end of periods T1 , T2 , . . . , TJ=1 to that prevailing at the end of the -th
iteration of the (EH)-heuristic. (In the case of the (EH)-heuristic, this composition may
change in subsequent iterations). As shown in Theorem 2.2(b) in Chapter 2, a third
Phase transformation is necessary to obtain a solution which is is among the ones considered by the (EH)-heuristic, but this third transformation only reduces the cost value.
The derivation of the complexity bound is again analogous, except that the evaluation
of a single node in one of the b&b trees now requires O(NT log T ) time.

3.4

Products with limited shelf life

Thus far, we have assumed that items can be kept in stock for an unlimited amount
of time. In this Section, we address the situation where the shelf life of each item is
bounded by an (integer) constant λ, perhaps because the items are perishable. We refer
to the survey paper by Nahmias (1982) for a review of inventory models with limited
shelf lives. Within the context of dynamic lot sizing models, the complication of a
ﬁxed shelf life has not been addressed until Hsu (2000) who showed that the single
item uncapacitated model can be solved in O(T 2 ) time. (For this case, Hsu addresses,
in addition, more general life time models and more general order and inventory cost
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functions then those used in (P).)
We show that, in the presence of a limited shelf life, almost sure asymptotic optimality of (SP)- and (EH)-heuristics can be established under conditions even more general
than (A), for example:
(Af ) The sequence {(Dt , Ct )} is strongly ergodic, i.e. for any Lipschitz continuous
function g : R → R, there exists a constant G such that

T
1 
g((Dt , Ct ); (Dt+1 , Ct+1 ); (Dt+Λ , Ct+Λ )) = G
T →∞ T
t=1

lim

def

Moreover, 0 < µ = limT →∞

1
T

T

t=1 Ct

− limT →∞

1
T

T

t=1 Dt

a.s.

(3.16)

(a.s.).

The condition is related to that of asymptotic mean stationarity, see e.g. Gray (1990).
Beyond the case of i.i.d. aggregate capacity and demand pairs considered under (A),
(Af ) encompasses a large variety of processes, for example:

(I) {(Dt , Ct )} is stationary and ergodic
(II) {(Dt , Ct )} is a so-called ‘world driven’ process. Here, the distribution of (Dt , Ct )
is time invariant but it depends on the state of the world Wt , with {Wt } a Markov
process with a ﬁnite or countable state space which is ergodic (i.e., the Markov
chain has a single positive recurrent set of states). Thus the conditional disw

tributions {(Dt , Ct )|Wt = w} are time-invariant. Moreover, limt→∞ Wt = W and
w

limt→∞ (Dt , Ct ) = ((D, C)|W ). See Zipkin (2000) for a detailed discussion of the
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use of world driven demand processes in inventory models.
(III) A third type of process satisfying (Af ) and modeling diﬀerent types of intertemporal correlations, is where the process {(Dt , Ct )} is autoregressive, e.g. a stable
ARMA(p,q) process, i.e.

Dt

Ct

=
=

p


ϕi Dt−i +

q


i=1

j=1

p


q


ϕ̂i Ct−i +

i=1

ψj t−j + t

∀t

(3.17)

ψ̂j ˆt−j + ˆt

∀t

(3.18)

j=1

where {t }+∞
t }+∞
t=−∞ and {ˆ
t=−∞ are independent sequences of i.i.d. random variables with ﬁnite second moments. A suﬃcient condition for the processes to be
stable is that the characteristic polynomials Φ(z) =
and Ψ (z) =

q

i=1 ψi z

i

[Ψ̂ (z) =

q

i=1 ψ̂i z

i]

p

i=1 ϕi z

i

[Φ̂(z) =

p

i=1 ϕ̂i z

i]

do not have common (complex) roots

and that the roots of the former are outside the unit circle.

Lemma 3.1 Assume the process {(Dt , Ct )} is of type (I)–(III). Then {(Dt , Ct )} is strongly
ergodic.

Proof: (I) Immediate, see e.g. Proposition 6.31 in Breiman (1992).
(II) The process {(Wt , Wt+1 , . . . , Wt+λ )} is a Markov process, whose Markov chain has
a single positive recurrent set of states, i.e. there exists a state of the process with
a ﬁnite expected recurrence time. Almost sure convergence of the limit to the left
of (3.16) then follows from the renewal reward theorem.
(III) It suﬃces to prove strong ergodity of {Dt } and {Ct } separately. We prove the
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former; the proof of the latter is identical. Since the ARMA process is stable,
there exists a constant 0 < a < 1 such that Dt =

t

j=0 αj t−j ,

with |αj | < aj , see

e.g. Samorodnitsky and Taqqu (1994). The sequence {Dt } is non-stationary. Let
def

Dt0 =

∞

j=0 αj t−j .

{Dt0 } is clearly stationary and it is well known to be ergodic.

Fix a function g : Rλ → R that is Lipschitz continuous. By the argument for (I),
1
T

there exists a constant G such that limT →∞

T

0
0
t=1 g(Dt , Dt+1 , . . .

0
, Dt+λ
) = G a.s..

To show that
limT →∞

1
T

T

t=1 g(Dt , Dt+1 , . . .

, Dt+Λ ) = G a.s., as well, it suﬃces to show that for

any δ > 0,

T
1 
0
| lim
[g(Dt , Dt+1 , . . . , Dt+λ ) − g(Dt0 , . . . , Dt+λ
)]| < δ a.s.
T →∞ T
t=1

(3.19)

Since for any integer n ≥ 1,

T
1 
0
0
[g(Dt , Dt+1 , . . . , Dt+Λ ) − g(Dt0 , Dt+1
, . . . , Dt+Λ
)]|
T →∞ T
t=n

| lim

T
1 
0
0
≤ lim
|g(Dt , Dt+1 , . . . , Dt+Λ ) − g(Dt0 , Dt+1
, . . . , Dt+Λ
)|
T →∞ T
t=n

it follows from the Lipschitz continuity of g(·) that it suﬃces to show, for any
δ > 0, that an integer n ≥ 1 exists such that
limT →∞

1
T

≤ limT →∞
≤ limT →∞
= limT →∞

T

t=n |Dt

1
T

T
t=n

T

t=n a

1
T

− Dt0 | ≤ limT →∞

∞

j=t+1 a

t+1

j |
t−j |

$
limr ↑1

∞

T
t=n

∞

j=t+1 |αj ||t−j |

= limT →∞

j=0 r

$
t+1 lim
a
M→∞
t=n

T

1
T

j |

1
M+1

−j−1 |

1
T

T

t=n a

t+1

∞

j
j=0 a |−j−1 |

%

%
|
|
≤ an+1 E|| < δ a.s.
j=0 −j−1

M
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where the equality follows from the Abel-Tauberian theorem and the next to last
inequality from the law of large numbers. (Since the random variable  has a
ﬁnite second moment, E || < ∞.) The last inequality is satisﬁed for all n ≥
log(ρ/E||)/ log a .
To pursue the algorithm’s performance analysis, note that It0 , the minimum reserve stock at the end of period t is now given by:

0,f

=

It

s


max
t+1≤s≤t+λ

(Dr − Cr )

(3.20)

r =t+1

0,f

instead of (3.1). (Using repeated substitutions in (3.1), note that It

= It0 when

λ = ∞) In other words, assuming that a feasible solution exists, to ensure that a
solution for the ﬁrst t periods [1, . . . , t] can be extended into a feasible solution
0,f

over the complete horizon [1, . . . , T ], it is necessary and suﬃcient that It ≥ It
0,f

(If It < It

, aggregate demand in the periods t +1, . . . , s (for some t +1 ≤ s ≤ t +λ)

s

exceeds (

.

r =t+1 Cr

+ It ), so demand in [t + 1, s] can not be satisﬁed even when

placing a full capacity order in each of the periods of this interval. At the same
0,f

time, if It ≥ It

, the ﬁrst period whose demand can not be met, has a period

index greater than t + λ and any additional inventory at the end of period t is of
no use to meet this demand.)

Theorem 3.3 Assume items have a ﬁxed shelf life time λ > 0 and (Af ) holds.
*
+
(a) Consider an (SP)-heuristic with τ = η log T for some η > 0. The heuristic is
asymptotically optimal, a.s., and it can be designed to run in O(N 2 T 2 log T (log N +
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log log T )2 ) time as well.
*
+
(b) Consider an (EH)-heuristic with τ = η log T for some η > 0. The heuristics is


asymptotically optimal, a.s., and it can be designed to run in O N 2 T 4 (log N + log T + log2 N/ lo
time as well.

Proof: The proof is analogous to that of Theorem 3.1 and 3.2 and is, in fact,
simpler.
limT →∞

zI −z∗
T

= 0 a.s., is veriﬁed as in the proof of Theorem 3.1. Moreover, it

was shown there that for limT →∞

zII −zI
T

= 0 a.s., it is suﬃcient to verify that (3.10)

holds. Since L ≤ λ, (3.10) reduces to showing that limT →∞

1
T

T

0,f
t=1 It

converges

0,f

to a constant a.s.. This, however, follows from (Af ), since, by (16), It

is a Lips-

chitz continuous function of {(Dt+1 , Ct+1 ), (Dt+2 , Ct+2 ), . . . , (Dt+λ , Ct+λ )}.
We now verify the complexity bounds. Under a ﬁxed life time, the minimum cost
network ﬂow problem to be solved in each node of the b&b-trees, associated with
the diﬀerent interval instances, now needs to be solved by a standard method,
rather than the Ahuja and Hochbaum (2004) method. The best strongly polynomial time algorithm to solve minimum cost network ﬂow problems is due to
Orlin (1989). The network ﬂow model has a source, a sink and two sets of nodes;
the ﬁrst set has a node for every period and the second one has a node for every
period / item combination. Thus, the model has O(Nτ) nodes and O(Nτ) arcs in
the (SP)-heuristic and O(NT ) nodes and arcs in the (EH)-heuristic. Orlin’s method
solves the problem therefore in O(N 2 τ 2 log2 Nτ) and O(N 2 T 2 log2 NT ), respectively. Since J = T /τ interval instances are solved and since in each, in the worst
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case, all 2τ nodes of the b&b tree need to be evaluated, the complexity bounds
follow readily.

Acknowledgment: We are greatly indebted to Assaf Zeevi for many helpful suggestions and comments regarding earlier versions of this chapter.

Chapter 4

Dynamic Pricing Strategies for
Multi-Product Revenue Management
Problems

4.1

Introduction

Consider a ﬁrm that owns a ﬁxed capacity of a certain resource that is consumed in
the process of producing or oﬀering multiple products or services, and which must
be consumed over a ﬁnite time horizon. The ﬁrm’s problem is to maximize its total
expected revenues by selecting the appropriate dynamic controls. We will consider two
well studied problem formulations. In the ﬁrst, the ﬁrm is assumed to be a monopolist or to operate in a market with imperfect competition, and thus to have power to
inﬂuence the demand for each product by varying its price. In this setting, the ﬁrm’s
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problem is to choose a dynamic pricing strategy for each of its products in order to
optimize expected revenues. In the second situation, prices are assumed to be ﬁxed either by the competition or through a higher-order optimization problem, and the ﬁrm’s
problem is now to choose a dynamic capacity allocation rule that controls when to accept new requests for each of these products. In the sequel, these two problems will be
referred to as the ‘dynamic pricing’ and ‘capacity control’ formulations, respectively.
Revenue management problems of that sort originated in the late 1970’s in the context
of the airline industry, and have since been successfully introduced in a variety of other
areas such as hotels, cruise lines, rental cars, retail etc. For example, the ﬁrst of these
problems may arise in the retail industry, while the second one tends to be associated
with the airline industry (although there are examples of airlines that practice revenue
management through a dynamic pricing policy as well).
Both of these problems have been studied quite extensively in the revenue management literature, in each case highlighting the structure of the optimal controls, proposing near-optimal heuristics, and evaluating their performance in extensive numerical
studies for both stylized examples as well as real-life applications. This paper illustrates how these two problems can be reduced to a common formulation and thus be
treated in a uniﬁed manner, and explores some of the consequences of this formulation. Broadly speaking this is done as follows: Consider a ﬁrm that owns capacity of a
single resource and oﬀers multiple products, and suppose for now that the aggregate
rate at which capacity is consumed is given. One can then compute the vector of product prices or capacity controls in each case in order to maximize the instantaneous
expected revenue subject to the constraint that the aggregate capacity consumption
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equals the aforementioned rate. This is akin to the basic microeconomics problem of
resource allocation subject to a budget constraint. Its solution, which in some cases can
be obtained in closed form, deﬁnes an aggregate expected revenue rate as a function of
the capacity consumption rate, and identiﬁes the optimal way of translating the latter
into a vector of product-level controls. One can now reformulate both the ‘dynamic
pricing’ and the ‘capacity control’ problems as ‘single resource, single product’ pricing
problems, where the ﬁrm controls the instantaneous resource consumption rate and
where revenues are accrued according to appropriate aggregate revenue function. Pricing and capacity decisions are then extracted from the optimal capacity consumption
rate in the manner described above.
This formulation constitutes the main modelling contribution of the Chapter, which
then proceeds to explore some of its theoretical and practical implications in dynamic
pricing and capacity control revenue management problems. Speciﬁcally, we show that
the multi-product dynamic pricing problem introduced by Gallego and van Ryzin
(1997) and the capacity control problem of Lee and Hersh (1993) can be recast within
this common framework, and be treated as diﬀerent instances of a single-product pricing problem for appropriate concave revenue functions (Propositions 4.1 and 4.2). This
highlights the common structure of the pricing and capacity control problems and allows us to treat both in a uniﬁed framework. This, of course, recovers well-known
structural results regarding the monotonicity properties of the value function and the
associated controls (see Propositions 4.3 and Corollary 4.2) that were previously derived in the literature while studying each of these problems in isolation, see, e.g.,
Gallego and van Ryzin (1994, 1997), Lee and Hersh (1993), Lautenbacher and
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Stidham (1999), Zhao and Zheng (2000), and the recent book by Talluri and van
Ryzin (2004a). Moreover, Corollary 4.1 establishes that the optimal multi-product pricing policy has a certain monotone and nested structure. Although our analysis is done
in a stationary setting, most of our results extend to allow for non-stationary demand
models, in which case the associated dynamic pricing single-product problems are of
the form studied by Zhao and Zheng (2000).
A similar type of demand aggregation appeared in Talluri and van Ryzin (2004)
while analyzing a capacity control problem for a system where customer behavior is
captured through a discrete choice model. Demand aggregation techniques have been
exploited in the past in the numerical solution of the dynamic programs associated with
these revenue management problems. Finally, similar ideas of demand aggregation
arise in the context of ‘equivalent workload formulations’ in stochastic network theory;
see Harrison and van Mieghem (1996) for background, and Maglaras (2003b) for a
recent application of this idea in the context of a joint pricing and scheduling problem.
This new formulation leads to several qualitative and quantitative insights. The ﬁrst
concerns the derivation of simple pricing and capacity control heuristics. Speciﬁcally,
both multi-product formulations are reduced into dynamic pricing problems for singleproduct models of the type studied by Gallego and van Ryzin (1994). Based on their
analysis this implies that a static pricing heuristic is optimal for the deterministic and
continuous (ﬂuid) approximation of the underlying problems, and asymptotically optimal in an appropriate sense for the original problems. This was already observed by
Gallego and van Ryzin (1997), but their characterization of that policy in the multiproduct setting was implicit. Our reduction of the multi-product problem to an ap-
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propriate single-product one leads to a closed-form characterization of that ﬁxed-price
heuristic (see Proposition 4.4); see also the review article by Bitran and Caldentey
(2003) for a discussion of deterministic multi-product pricing problems. In contrast
to the dynamic programming analysis discussed above, the ﬂuid formulation of these
problems allows us to consider a more general class of models where products may
diﬀer with respect to their capacity requirements. Based on the solution of the ﬂuid
formulation we propose three heuristics: (i) a static pricing heuristic; (ii) a static pricing
heuristic applied in conjunction with an appropriate capacity allocation policy; and (iii)
a ‘resolving’ heuristic that re-evaluates the ﬂuid policy as a function of the current state
and time-to-go (which is derived by expressing the ﬂuid solution in feedback form).
The ﬁrst of these heuristics was suggested by Gallego and van Ryzin (1997). Once
prices are ﬁxed, the ﬁrm’s problem has been reduced to one of capacity control, of the
type analyzed in Lee and Hersh (1993), which motivates the second heuristic. Policies
that combine static prices with capacity controls as in (ii) have been suggested in other
papers such as McGill and van Ryzin (1999), Feng and Xiao (2004), and Lin et. al.
(2003). Finally, the ‘resolving’ heuristic (iii) is widely applied in practice, but to the best
of our knowledge has not been analyzed theoretically thus far. The only exception was
the negative result of Cooper (2002) that illustrated through an example that resolving
may in fact do worse than applying the static ﬂuid policy.
Subsection 4.4.2 establishes that all three heuristics achieve asymptotically optimal
performance under ﬂuid scaling, i.e., in the spirit of Gallego and van Ryzin (1997)
and Cooper (2002) (Propositions 4.5 to 4.7). These results show that the phenomenon
demonstrated in Cooper’s example does not persist in problems with large capacity
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and demand, where in fact resolving achieves the asymptotically optimal performance.
Moreover, the numerical results of Section 4.5 illustrate that the dynamic heuristics (ii)
and (iii) tend to improve the ﬁrm’s performance.
The second insight is structural and oﬀers a partial characterization of good pricing
and capacity allocation policies. The formulation advanced in this paper and speciﬁcally the subproblem of translating a capacity consumption rate into a set of productlevel controls that jointly maximize instantaneous revenue, deﬁnes an eﬃcient frontier
for the ﬁrm’s pricing and capacity control strategy. This captures in a tractable way the
interactions between products due to cross-elasticity eﬀects and the joint capacity constraint. The idea of an eﬃcient frontier has also appeared in Talluri and van Ryzin
(2004) in the context of a capacity control problem for a model with customer choice
among products, and in Feng and Xiao (2000, 2004) while studying pricing problems
with a predetermined set of price points; the latter set of papers uses the term maximum increasing concave envelope.
While the main emphasis of this paper is not computational, it is worth noting that
the control dimension reduction presented in this paper may lead to computational
simpliﬁcations in cases where the subproblem of inferring the optimal demand rates
given an aggregate consumption rate is solvable in closed-form. While this is not generally true, it does admit a simple solution in cases such as the linear demand model
and the multinomial logit model (both are reviewed in Section 4.5), and it also leads to
a simple characterization of the revenue function in the capacity control formulation.
Moreover, it leads to algorithmic and computational simpliﬁcations in the case where
there is a ﬁxed set of price points for each product, as in the model studied in Feng
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and Xiao (2004).
Finally, we extend this formulation to the network case. The same decomposition
in (a) choosing the aggregate resource consumption rates and then (b) translating these
decisions to a vector of product prices still holds. As expected, the complexity of
each of these steps increases in the network setting. However, the structural insights
gleaned by this problem formulation provide a promising direction to follow in developing eﬃcient network controls.
The remainder of the paper is structured as follows. This section concludes with
some additional comments on the related literature. Section 4.2 describes the model
and the associated problem formulations. Section 4.3 demonstrates the reduction of
the dynamic programming formulations to that of a single-product pricing problem,
and derives some of its structural properties. Section 4.4 discusses several insights and
extensions that hinge on the previous results, and Section 4.5 provides some numerical
illustration of our results and oﬀers some concluding remarks.
The papers by Elmghraby and Keskinocak (2002), Bitran and Caldentey (2003),
and McGill and van Ryzin (1999), and the book by Talluri and van Ryzin (2004a)
provide comprehensive overviews of the areas of dynamic pricing and revenue management. The modelling framework adopted in this paper closely matches that of Gallego
and van Ryzin (1994, 1997), and, as in their work, we also partly focus on deterministic
and continuous-dynamics (ﬂuid) approximations of the underlying discrete problems
to derive simple heuristics for the multi-product revenue management problems. See
also Kleywegt (2001) for a ﬂuid model approach to multi-product network revenue
management problem. Standard references on revenue management with capacity con-
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trols are Lee and Hersh (1993), Brumelle and McGill (1993) and Lautenbacher and
Stidhman (1999).

4.2

Single Resource, Multi-Product Model

This section poses the multi-product dynamic pricing and capacity control problems.
We start with the former, which follows the model of Gallego and van Ryzin (1997),
and then provide the necessary changes to formulate the latter, which is the model
analyzed by Lee and Hersh (1993).

4.2.1 Dynamic pricing model
Consider a ﬁrm that is endowed with C units of capacity of a single resource that is
used in producing or oﬀering multiple products or services, indexed by i = 1, . . . , n.
Each unit of product i consumes one unit of capacity, and for simplicity we assume
that C is integer valued. There is a ﬁnite horizon T over which the resources must be
used, and capacity cannot be replenished up to that time. The ﬁrm is either a monopolist or is assumed to operate in a market with imperfect competition, and, in that,
has power to inﬂuence the demand for each product by varying its menu of prices. Let
p(t) = [p1 (t), . . . , pn (t)] denote the vector of prices at time t. The demand process
is assumed to be n-dimensional non-homogeneous Poisson process with rate vector λ
determined through a demand function λ(p(t)), where λ : P → L, P ⊆ Rn is the set of
feasible price vectors, and L = {x ≥ 0 : x = λ(p), p ∈ P} ⊆ Rn
+ is the set of achievable
demand rate vectors. We assume that L is a convex set. A simple interpretation of the
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demand model in the single product case is as follows: if the total arrival rate of potential customers is Λ, and each customer has an independent identically distributed (IID)
reservation price (i.e., maximum price they are willing to pay) for the product drawn
from some distribution F , then customers that have reservation prices ≥ p choose to
buy the product and λ(p) = Λ(1 − F (p)). Following Gallego and van Ryzin (1994,
1997) we consider regular demand functions that satisfy the following requirements.
In the sequel, x  will denote the transpose of any vector or matrix x (the use of T is
reserved for the time horizon), and for any real number y, y + := max(0, y).

Assumption 4.1 A demand function is said to be regular if it is a continuously diﬀerentiable, bounded function, and: (a) for each product i, λi (p) is strictly decreasing in pi ,
(b) limpi →∞ λi (p) = 0 (i.e., consumers have bounded wealth), and (c) the revenue rate
p  λ(p) =

n

i=1 pi λi (p)

is bounded for all p ∈ P and has a ﬁnite maximizer p̄.

Note that this class of demand functions incorporate product complementarity and
substitutions eﬀects. For ease of exposition, we assume that the demand function is
stationary. The extension to a non-stationary demand model can be done along the
lines of Gallego and van Ryzin (1994, 1997) and Zhao and Zheng (2000). Also,
this demand model assumes that customer decisions only depend on the current price
vector and not on past and/or future pricing decisions. A more general model would
allow customers to learn the ﬁrm’s pricing policy and adjust their actions accordingly,
and thus incorporate the strategic interaction between the ﬁrm and the customers’
collective behavior. While this may seem appealing, it leads to a complicated gametheoretic analysis, and is often avoided both in the revenue management literature and
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in practice. See Vulcano et. al. (2002, § 4.3) for a discussion of this issue with
appropriate pointers to the literature.
We assume that there exists a continuous inverse demand function p(λ), p : L → P,
that maps an achievable vector of demand rates λ into a corresponding vector of prices
p(λ). This allows us to view the demand rate vector as the ﬁrm’s control, and once
this is selected infer the appropriate prices using the inverse demand function. The
expected revenue rate as a function of the vector of demand rates, λ, is deﬁned by
R(λ) := λ p(λ). In the sequel we will assume that the revenue rate functional R(·) is
continuous, bounded and strictly concave.
Example: Under a linear demand model, the demand for product i is given by

λi (p) = Λi − bii pi −



bij pj ,

j≠i

where Λi is the market potential for product i and bii , bij are the price and cross-price
sensitivity parameters. This can be expressed in vector form as λ(p) = Λ − Bp, for the
obvious choice of Λ, B. The inverse demand function is then given p(λ) = B −1 (Λ − λ),
and the revenue function is given by R(λ) = λ B −1 (Λ − λ). Assumption 1 requires that
bii > 0 for all i. To ensure that B −1 exists and the inverse demand function is well
deﬁned, and that the revenue function is concave we further require that either bii >


j≠i |bji |

or bii >



j≠i |bij |

for all i; both conditions guarantee that B is invertible

and that its eigenvalues have positive real parts (see Horn and Johnson (1994, Thm.
6.1.10). If the products are substitutes (bij ≤ 0 for all j ≠ i), the ﬁrst condition reduces
to


j

bji > 0, which implies that an increase in pi leads to a reduction in the total
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demand for all products. Alternatively, the second condition says that the eﬀect of a
marginal increase in pi on the demand for product i is bigger than that of a marginal
increase on the prices of all other products.
The problem that we address is roughly described as follows: given an initial capacity C for that resource, a selling horizon T , and a demand function that maps the
menu of prices into a set of demand rates for each product, the ﬁrm’s goal is to choose
a non-anticipating dynamic pricing strategy for each product in order to maximize its
total expected revenues. The restriction to non-anticipating policies implies that the
decisions at time t can only depend on the current state of the system as well as the
time history up to time t, and not on future events.
We assume that the salvage value of remaining capacity at time T is zero. (Otherwise, at least in the case where the salvage value per unit of capacity at time T
is constant, one could modify the objective function to be total expected revenue
in excess of the salvage values.) We will adopt a discrete-time formulation, which
assumes that time has been discretized in small intervals of length δt, indexed by
t = 1, . . . , T , such that P(product i arrival in [0, δt]) = λi δt + o(δt) for all products i,
and P(product i and j arrivals in [0, δt]) = λi λj (δt)2 + o((δt)2 ), where o(x) implies
that o(x)/x → 0 as x → 0. With slight abuse of notation, in the sequel we will write
λi in place of λi δt; i.e., λi will not refer to the rate of the underlying Poisson arrival
process, but to the probability that a product i request occurs in each time interval. We
will refer to λi as the demand or the buying probability for product i, interchangeably.
Hence, the corresponding demand random vector for period t, denoted by ξ(t; λ), is
Bernoulli with probabilities λ that are controlled by the vector of posted prices, and
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P(ξi (t) = 1) = λi (p(t)) and P(ξi (t) = 0) = 1 − λi (p(t)) for all products i. As stated
above, we will treat the demand rates λi as the control variables and infer the appropriate prices through the inverse demand relationship. The discrete-time formulation
of the dynamic pricing problem of Gallego and van Ryzin (1997) is as follows:

 

T
T




p(λ(t)) ξ(t; λ) :
e ξ(t; λ) ≤ Ca.s. and λ(t) ∈ L∀t ,
E
max

{λ(t), t=1,... ,T } 
t=1

t=1

(4.1)

where e is the vector of ones of appropriate dimension and ‘a.s.’ stands for almost
surely.

4.2.2 The Single-Resource Capacity Control Problem
The second problem that we will consider is the one studied by Lee and Hersh (1993)
that takes the product prices as exogenously ﬁxed and strives to optimize over the
capacity allocation decisions. In more detail, the price vector p is ﬁxed a priori, and
this also ﬁxes the corresponding vector of demand rates λ = λ(p). In the context of
this problem and without any loss of generality we will assume that the products are
labelled in such a way that p1 ≥ p2 ≥ · · · ≥ pn . The ﬁrm has discretion as to which
product requests to accept at any given time. This is modelled through the control
ui (t) for each product i, which is equal to the probability of accepting such a request
at time t. It is customary to assume that the ﬁrm is ‘opening’ or ‘closing’ products
(or fare classes), thus leading to controls ui (·) that take the values of 0 or 1, but this
need not be imposed as a restriction. A more general class of controls could allow the
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ﬁrm to ﬂip a coin upon arrival of a product i request with probability of success given
by ui (t) and make the accept/rejection decision accordingly. The dynamic capacity
control problem can be formulated as follows:

 

T
T




p  ξ(t; uλ) :
e ξ(t; uλ) ≤ Ca.s. 1 and ui (t) ∈ [0, 1]∀t ,
E
max

{u(t),t=1,... ,T } 
t=1

t=1

(4.2)

where uλ above denoted the vector with coordinates ui λi .

4.3

Analysis of the pricing and capacity control problems

This section describes how to reduce (4.1) and (4.2) into dynamic optimization problems where the control is the (one-dimensional) aggregate capacity consumption rate.
Subsequently, we derive some structural properties for these two problems through a
uniﬁed analysis.

4.3.1 Dynamic programming formulation of the pricing problem
Consider the dynamic pricing problem posed in (4.1). Let x denote the number of
remaining units of capacity at the beginning of period t, and V (x, t) be the expected
revenue-to-go starting at time t with x units of capacity left. Then, the Bellman equation
associated with (4.1) is:

V (x, t) = max
λ∈L


n



i=1








λi pi (λ) + V (x − 1, t + 1) + (1 − e λ) V (x, t + 1) ,


(4.3)
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with the boundary conditions

V (x, T + 1) = 0 ∀ x

and V (0, t) = 0 ∀ t.

(4.4)

Letting ∆V (x, t) = V (x, t + 1) − V (x − 1, t + 1) denote the marginal value of one unit
of capacity as a function of the state (x, t), (4.3) can be rewritten as

V (x, t) = max
λ∈L




R(λ) −



n

i=1




λi ∆V (x, t) + V (x, t + 1).


(4.5)

The gist of the proposed solution approach is to rewrite (4.5) in terms of the onedimensional aggregate rate of capacity consumption deﬁned by ρ :=

n

i=1 λi .

We ﬁrst

consider the maximum achievable revenue rate subject to the constraint that all products jointly consume capacity at a rate ρ, which is given by the solution to the following
parametric optimization problem

R r (ρ) := max
λ



R(λ) :

n

i=1 λi


= ρ, λ ∈ L .

(4.6)

Note that (4.6) is concave maximization problem over a convex set, and its solution is
readily computable, often in closed form (examples are given in Section 4.5). Moreover,
R r (·) is a concave function and satisﬁes the conditions of Assumption 1, and R r (ρ)/ρ
is the optimal ‘average’ price per unit of capacity, which is interpreted as an inverse
demand function for this aggregate model. The unique vector of demand rates that
achieves that optimum will be denoted by λr (ρ). Let R := {ρ :
the set of achievable capacity consumption rates. Then:

n

i=1 λi

= ρ, λ ∈ L} be
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Proposition 4.1 The dynamic pricing problem (4.1) can be reduced to the dynamic program

V (x, t) = max



ρ∈R


R r (ρ) − ρ∆V (x, t) + V (x, t + 1),

(4.7)

and the boundary condition (4.4) expressed in terms of the one-dimensional aggregate
consumption rate. In particular, if ρ ∗ (x, t) denotes the optimal solution of (4.7) and (4.4)
and λ∗ (x, t) and p ∗ (x, t) denote the optimal demand rate and price vectors associated
with (4.1), then,

λ∗ (x, t) = λr (ρ ∗ (x, t))

and

p ∗ (x, t) = p(λr (ρ ∗ (x, t))).

(4.8)

Next, we show how the capacity control formulation can also be reduced to a problem that resembles (4.7), and then proceed to analyze the structure of both problems
in an uniﬁed manner.

4.3.2 DP formulation of the capacity control problem
Using the notation established above, the Bellman equation associated with (4.2) is

V (x, t) = max

ui ∈[0,1]


n



i=1

λi ui [pi + V (x − 1, t + 1)] + (1 − u λ) V (x, t + 1)





(4.9)
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with the boundary condition (4.4), which using the marginal value of capacity ∆V becomes

n


V (x, t) = max

ui ∈[0,1]



i=1




λi ui pi − u λ∆V (x, t) + V (x, t + 1).


(4.10)

Suppose products are labelled such that p1 ≥ p2 ≥ · · · ≥ pn . Observe that ρ = u λ
and deﬁne

R a (ρ) = max
u


n



ui λi pi : u λ = ρ, ui ∈ [0, 1]

i=1





to be the maximum instantaneous revenue rate when the aggregate capacity consumption rate (or probability of a sale at that time) is given by ρ. Let ua (ρ) be the control
that attains that maximum. Using the structure of the knapsack problem that deﬁnes
R a (·) we get that

a

R (ρ) = min ci + pi ρ
i

where c1 = 0 and ci =



and

k<i λk (pk

ua
k (ρ)

= min

(ρ −



i<k λi )

λk

+

!
,1 ,

(4.11)

− pi ), and for any x ∈ R, x + := max(x, 0). That is,

the optimal solution starts from oﬀering product 1 (with the highest price) and keeps
adding more products until the total probability of a sale in period t becomes equal
to ρ. In practice, of course, one would always set ua
1 (ρ) = 1 for all ρ ≥ 0, i.e., it is
never optimal to close the highest-fare class. The ‘average’ expected selling price is
R a (ρ)/ρ = mini ci /ρ + pi , which is, of course, decreasing in ρ, and R a (·) is concave.
Combining these results, (4.2) can be expressed as a dynamic problem in terms of ρ as
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follows:

V (x, t) =

max


0≤ρ≤

n
i=1 λi


R a (ρ) − ρ∆V (x, t) + V (x, t + 1).



(4.12)

subject to the boundary condition (4.4). This structural result is summarized below.

Proposition 4.2 The capacity control problem (4.2) can be reduced to the dynamic program (4.12) and (4.4) expressed in terms of the one-dimensional aggregate consumption
rate ρ. In particular, if ρ ∗ (x, t) denotes the optimal solution of (4.12) and (4.4) and
u∗ (x, t) denote the optimal policy for (4.2), then u∗ (x, t) = ua (ρ ∗ (x, t)).
This last result was also derived in Talluri and van Ryzin (2004), while considering the capacity control problem for a model with customer choice. While their model
and emphasis was diﬀerent than ours, one of their key ﬁndings was also that the optimal policy in multi-product settings can be expressed in terms of the aggregate probability of a sale and the associated expected revenue, i.e., ρ and R a (ρ).

4.3.3 A uniﬁed analysis of the pricing and capacity control problems
The similarity of the dynamic programs for the pricing and capacity control problems
highlights their common structure and allows them to be treated in a uniﬁed manner.
For both (4.7) and (4.12) the optimal control ρ ∗ (x, t) is computed from

ρ ∗ (x, t) = argmax {R(ρ) − ρ∆V (x, t)},
ρ∈R
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where R(·) is any concave increasing revenue function. Using the properties of R(·)
one gets that ρ ∗ (x, t) is decreasing in ∆V (x, t), which using a backwards induction
argument in t gives that ∆V (x, t) is decreasing in x and t. These standard results for
single-product dynamic pricing problems are summarized below; a proof can be found
in Talluri and van Ryzin (2004, Prop. 5.2 Ch. 4).

Proposition 4.3 Talluri and van Ryzin (2004, Prop. 5.2 Ch. 4) For both problems
deﬁned in (4.1) and (4.2) we have that:
1. ρ ∗ (x, t) is decreasing in the marginal value of capacity ∆V (x, t), and

2. ∆V (x, t) is decreasing in x and t.

Next, we specialize these results to the dynamic pricing and capacity allocation
problems. We ﬁrst consider the dynamic pricing problem and for illustrative purposes
focus on the case where the products are non-substitutes. That is, the demand for
product i is only a function of the price for that product pi . In that case, the Lagrangian
associated with (4.6) is given by L(λ, x, y) = R(λ) + x(ρ −

n

i=1 λi )

− y  λ, and the

associated ﬁrst order conditions are given by ∂R(λ)/∂λi = x + yi , for some x ≥ 0 and
yi ≤ 0 with yi = 0 if λi > 0. It is easy to show that x is decreasing in ρ (i.e., the
shadow price for the capacity consumption constraint decreases as the associated rate
ρ increases), and that λri (ρ) is decreasing in x. This is summarized below.

Corollary 4.1 Consider the problem speciﬁed in (4.3) and (4.4) and further assume that
the products are non-substitutes, i.e., λi (p) = λi (pi ) for all i. λ∗
i (x, t) is non-decreasing
in ρ ∗ (x, t) (and non-increasing in ∆V (x, t)).
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A similar result can be obtained when products are substitutable provided that the
demand model satisﬁes certain conditions analogous to the ones given for the price
sensitivity matrix B in §4.2.1 when describing the linear demand model example.
Finally, we specialize these results to the capacity control problem to recover some
well known structural properties of the optimal policy, see, e.g., Lee and Hersh (1993).
Our derivation based on the aggregate control oﬀers some new intuition as to why
they hold. To start with, the optimal control ρ ∗ (x, t) is the solution to the following
optimization problem

max


0≤ρ≤

n
i=1 λi

min ci + (pi − ∆V (x, t))ρ.
i

Let i∗ (x, t) = max{i ≥ 1 : pi ≥ ∆V (x, t)}. Then, by inspecting the form of the piecewise
linear objective function involved in the calculation of ρ ∗ (x, t) we get that

ρ ∗ (x, t) =

n


λi .

i≤i∗ (x,t)

That is, the solution is ‘bang-bang’ in the sense that the form of the optimal control is
∗
∗
such that u∗
i (x, t) is 0 if i > i (x, t) and 1 if i ≤ i (x, t). In addition, from Proposition

4.3 part 1 we see that i∗ (x, t) is decreasing in the marginal value of capacity ∆V (x, t).
Therefore:

Corollary 4.2 For the capacity control problem (4.2) or equivalently, (4.12) and (4.4), the
∗
∗
optimal allocation policy is nested in that u∗
i (x, t) = 1 if i ≤ i (x, t), and ui (x, t) = 0

otherwise, and i∗ (x, t) is decreasing in the marginal value of capacity ∆V (x, t).
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4.3.4 An eﬃcient frontier for multi-product pricing and capacity controls
The subproblem of computing the optimal revenue subject to a constraint on the aggregate capacity consumption rate speciﬁed in (4.6) and (4.11) deﬁnes an eﬃcient frontier
(ρ, R r (ρ)) and (ρ, R a (ρ)) for the dynamic pricing and capacity allocation problems,
respectively. As in the context of portfolio optimization, the eﬃcient frontier provides
a systematic framework for comparing diﬀerent policies and highlights the structure
of the optimal controls for these two problems. It may also lead to computational improvements if this subproblem can be solved eﬃciently, preferably in closed form. This
can be achieved for some commonly used demand models such as the linear and the
multinomial logit; both are reviewed in section 4.5.
As mentioned in the introduction the idea of an eﬃcient frontier has also appeared
in Feng and Xiao (2000, 2004) and Talluri and van Ryzin (2004). The structure
of the dynamic programs studied in this section has been observed in other revenue
management papers, such as Lin et. al. (2003) and their study of single-resource
capacity control problems where each arrival may request multiple units of capacity,
and Vulcano et. al. (2002) and their analysis of optimal dynamic auctions. The
second of these papers studies a discrete time model where demand arrives in batches,
and in each period the ﬁrm runs an auction among the potential buyers of that period.
Given an announced auction mechanism, the ﬁrm observes the bids and selects how
many units to award by balancing total consumption with the extracted revenues in that
period. This is the discrete-time, batch demand analog to choosing ρ and computing
R r (ρ), and in that sense the dynamic programming structure in Vulcano et. al. (2002)
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is closely related to the one observed here.

4.4

Deterministic analysis of the multi-product pricing problem

This section studies deterministic (ﬂuid model) formulations of multi-product revenue
management problems to provide some structural results (Section 4.4.1) and suggest
simple and implementable heuristics for the underlying problems (Section 4.4.2). The
latter have desirable theoretical performance guarantees and are shown to perform well
in the numerical experiments of the next section. Finally, section 4.4.3 sketches how to
extend these ideas to the network setting.

4.4.1 Solution to the deterministic multi-product pricing problem
The dynamic program of section 4.3.1 is generally not solvable in closed form, and one
has to refer to numerical techniques for the computation of the optimal pricing decisions, which is often diﬃcult and results in policies that are hard to implement. This
motivates the use of approximate models that are analytically tractable and may lead
to practical solutions. The most natural candidate is the ‘ﬂuid’ model that has deterministic and continuous dynamics, and is obtained by replacing the discrete stochastic
demand process by its rate, which now evolves as continuous process. It is rigorously
justiﬁed as a limit under a strong-law-large-numbers type of scaling when we let the
potential demand and the capacity grow proportionally large; see Gallego and van
Ryzin (1994, 1997), and Section 4.4.2.
It is simplest to describe the ﬂuid model in continuous time (this is consistent
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with Gallego and van Ryzin (1994, 1997)). In more detail, the realized instantaneous demand for product i at time t in the ﬂuid model is deterministic and given
by λi (t). and allow product i requests to consume capacity at a rate of ai > 0 units
per unit of demand, and denote by a the vector [a1 , . . . , an ]. This is a generalization of the model considered thus far that assumed uniform capacity requirements
that with no loss of generality can be taken to be 1, which however can be addressed
with no increase in complexity. With a general capacity requirement vector a the
capacity consumption rate is deﬁned by ρ = a λ, and the deﬁnitions of R r and λr
can be appropriately adjusted to reﬂect that change. The system dynamics are given
by dx(t)/dt = −

n

i=1 ai λi (t),

x(0) = C, together with the boundary condition that

x(T ) ≥ 0. i.e., this model has deterministic and continuous dynamics. The ﬁrm selects
a demand rate λi (t) (or a price) at each time t. The ﬂuid control formulation of our
revenue management problem is the following:
3
max

{λ(t),t∈[0,T ]}

3T

T

R(λ(t))dt :
0

0

6


a λ(t)dt ≤ C and λ(t) ∈ L ∀t .

(4.13)

Single-product problem: For the case with one product Gallego and van Ryzin
(1994) showed that a ﬁxed price (and thus a constant demand rate) is optimal for (4.13).
This is described as follows. Let λ̂ = argmax{R(λ) : λ ∈ L} and p̂ = p(λ̂) be the
demand rate and price that maximize the instantaneous revenue rate in the absence
of any capacity considerations, respectively. Also, deﬁne λ0 = C/T be the run-out rate
that depletes capacity at time T , and let p 0 = p(λ0 ) be the associated price. Then,
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Gallego and van Ryzin (1994) showed that

λ̄ = min(λ̂, λ0 )

and

p̄ = max(p̂, p 0 )

are the optimal demand rate and price for the ﬂuid formulation of the pricing problem
given in (4.13). (To diﬀerentiate from the solution of the dynamic programming formulation of the previous section we have used an overbar to denote the ﬂuid solution.)
That is, the optimal demand and price are constant and do not depend on the state
of the system at any given time t. Intuitively, the solution uses the revenue maximizing price p̂ unless this will deplete the capacity too soon, in which case the ﬁrm can
increase its unit price to p 0 and sell its capacity by time T , while accruing higher total revenues. Gallego and van Ryzin (1997, §4.5) extended these results to multiple
products, but in that case without providing such a succinct solution.
Multi-product problem: Following the approach of section 4.3 we can reduce the
multi-product problem to an appropriate single-product one, and thus solve it in closed
form. Speciﬁcally, recalling the deﬁnitions of the aggregate revenue function R r (ρ) and
optimal demand rate vector λr (ρ) in (4.6) adjusted for the fact that ρ = a λ, (4.13) can
be rewritten as:
3

T

max

{ρ(t),t∈[0,T ]}

r

3T

R (ρ(t))dt :
0

0

6
ρ(t)dt ≤ C, ρ(t) ∈ R ∀t .

(4.14)

Note that (4.14) is the same as (4.13) for a single product with the revenue function
R r , and hence, it is solvable using the approach described above. Let ρ 0 := C/T and
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ρ̂ = argmaxρ R r (ρ). Then, the optimal solution to (4.14) is to consume capacity at a
constant rate ρ̄ given by

ρ̄ := min(ρ̂, ρ 0 ).

(4.15)

The corresponding vector of demand rates that maximizes the instantaneous revenues
subject to the constraint that capacity is consumed at a rate ρ̄ is given by λr (ρ̄), and
the corresponding prices are p(λr (ρ̄)). A direct veriﬁcation that this solution satisﬁes
the optimality conditions for (4.13) establishes the following result.

Proposition 4.4 Let λ̄(·) and p̄(·) denote the optimal vectors of demand rates and prices
for (4.13). Then, λ̄, p̄ are constant over time and are given by

λ̄(t) = λr (ρ̄)

and

p̄(t) = p(λr (ρ̄)).

(4.16)

4.4.2 Heuristic policies extracted from the deterministic analysis
Based on the preceding analysis we propose three heuristics for the underlying revenue
management problems, which we analyze in the asymptotic setting introduced in Gallego and van Ryzin (1997) and Cooper (2002). Among other things we will show that
the dynamic heuristic that ‘resolves’ the ﬂuid policy as t progresses is asymptotically
optimal in an appropriate sense.
I. Pricing heuristics
a. A static pricing heuristic: The ﬁrst and simplest of our heuristics implements
a static pricing policy p̄ speciﬁed in Proposition 4.4. This policy corresponds to the
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make-to-order heuristic of Gallego and van Ryzin (1997).
The static nature of policy (a) is desirable for implementation purposes (see Gallego and van Ryzin (1997)), but also removes any form of capacity control. This
issue does not arise in the ﬂuid formulation, because capacity is then drained along
an optimal deterministic trajectory, but it may be relevant in the underlying stochastic problem when capacity is close to being depleted. The next heuristics provide two
possible adjustments to this static policy that add such capacity control capability and
seem of practical interest. We start by recognizing that the solution of the ﬂuid pricing
problem of Section 4.4.1 can also be described in feedback form as
!
x
,
ρ̄(x, t) = min ρ̂,
T −t


(4.17)

where x is the remaining capacity at time t. The deterministic trajectory of the ﬂuid
model is, of course, such that x/(T − t) = C/T for all t if ρ̂ ≥ C/T , and x/(T − t) =
(C − ρ̂t)/(T − t) ≥ C/T if ρ̂ < C/T . In both cases, ρ̄(x, t) = min(ρ̂, C/T ) for all x, t
along the ﬂuid trajectory of the capacity process, and thus (4.17) is identical to the
static control derived in (4.15).
b. A List Price Capacity Control (LPCC) heuristic: One way to implement (4.17) is by
coupling capacity control decisions together with the static pricing policy given in (a).
Speciﬁcally, our second heuristic is deﬁned as follows:
1. price according to p̄ and label products such that p̄1 /a1 ≥ p̄2 /a2 ≥ · · · ≥ p̄n /an ,
and
2. compute ρ̄(x, t) and use the capacity controls u1 (x, t) = 1 if x > 0, u1 (0, t) = 0,
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and

ui (x, t) =





 1

if ρ̄(x, t) −




 0

otherwise



j<i aj λ̄j

≥ ai λ̄i

for k ≥ 2.

(4.18)

Note that with prices ﬁxed, this control can only reduce the aggregate capacity consumption rate over its nominal value of

n

i=1 ai λ̄i ,

but can never increase it. This

heuristic makes a product available only if the ﬂuid solution starting from that state
would choose to sell this product in all future time periods, and ‘closes’ the product
if the ﬂuid solution would dictate only partial acceptance of the associated demand.
When implementing in a discrete-time setting, rounding errors can be avoided by setting uk (x, t) = 1 if ρ̄(x, t) −



i<k ai λ̄i

≥ (T − t + 1)(ak λ̄k ).

This policy is a reﬁnement of the static pricing policy in (a) and the make-to-order
heuristic of Gallego and van Ryzin (1997). Other examples of joint pricing and capacity controls can be found in the recent papers by Vulcano et. al. (2002), by Lin
et. al. (2003) and Feng and Xiao (2004).
c. A dynamic pricing heuristic: The third policy translates the aggregate control
ρ̄(x, t) into product-level rates (and prices) through

λ(x, t) = λr (ρ̄(x, t))

and p(x, t) = p(λ(x, t)),

(4.19)

where the mapping λr (·) was the maximizer in (4.6). This corresponds to the idea
of ‘resolving’ the ﬂuid problem as we step through time, which is widely applied in
practice, where, however, the resolving occurs at discrete points in time, e.g., daily or
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weekly depending on the application setting. Despite its practical appeal and use, to
the best of our knowledge policies that use this resolving idea have not been analyzed
theoretically, other than the isolated example provided by Cooper (2002) that illustrated that resolving may in fact degrade the performance of the ﬂuid heuristic in a
stochastic problem of multi-product capacity control problem. Our preceding discussion illustrates that ‘resolving’ is nothing but implementing the ﬂuid policy in feedback
form. The analysis that follows will characterize its behavior in an appropriate asymptotic sense, and the numerical results of the next section will demonstrate that it tends
to outperform the other two candidate policies.
II. Asymptotic performance analysis of the pricing heuristics
The remainder of this subsection oﬀers a brief asymptotic characterization of the
performance under these three heuristics that shows that all three are (ﬂuid-scale)
asymptotically optimal in a regime where the potential demand and capacity grow proportionally large; this is consistent with the setup and the criterion of Gallego and
van Ryzin (1997) and Cooper (2002). Speciﬁcally, using k as an index, we will consider a sequence of problems with demand model λk (·) = kλ(·) and capacity C k = kC,
and we will let k increase to inﬁnity; a superscript k will denote quantities that scale
with k. Let Ni for i = 1, . . . , n denote independent unit rate Poisson processes, and
recall the functional strong-law-of-large numbers for the Poisson process that asserts
that as k → ∞ and for all t ≥ 0,

Ni (kt)
→t
k

a.s.

(4.20)
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For all of the candidate policies the capacity dynamics can be expressed as follows.
Let

Aki (t) =

3t
kλi (s)ds

0

(4.21)

where λi (t) is the demand rate for product i at time t. Then, the cumulative demand
for that product up to time t is equal to Ni (Aki (t)) and the remaining capacity at time
t is

X k (t) = C k −

n


ai Ni (Aki (t)).

(4.22)

i=1

Our goal here is to analyze the ‘ﬂuid-scale’ behavior of the capacity process deﬁned as
X̄ k (t) := X k (t)/k under the three candidate policies. The analysis of the static policy
(a) is related to that of Gallego and van Ryzin (1997), while those of the dynamic
policies are new.
Analysis of the static heuristic (a): In this case, the ﬁrm uses the constant price
vector p̄, which results in the demand rates λk (p̄) = kλ̄. We could either assume that
the demand rates become 0 when the capacity is depleted, or keep them unchanged but
modify (4.22) to Xak (t) = (C k −

n

k
+
i=1 ai Ni (Ai (t))) .

(The subscript is used to identify

the policy.) For simplicity we will proceed with the latter. For this policy we have that
Aki (t) = λ̄i kt, and thus as k → ∞

Ni (Aki (t))
k

→ λ̄i t

a.s., uniformly in t ∈ [0, T ].

(4.23)
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It immediately follows that as k → ∞ and for all t ∈ [0, T ]

X̄ak (t) → C −

n


+
ai λ̄i t  = C − ρ̄t

a.s.;

i=1

the (·)+ was removed since from (4.15) ρ̄t ≤ C for all t ∈ [0, T ]. Let Rak denote the
revenues extracted under policy (a), and τ k := inf{s ≥ 0 :

n

i=1 ai Ni (λ̄i ks)

≥ C k } be the

random time where the aggregate capacity requested reaches or exceeds the available
capacity C k . Then,

Rak :=

n


p̄i Ni (kλ̄i min(T , τ k )) − δ,

(4.24)

i=1

where δ is a random variable that corrects revenues for the case where τ k < T , which is
bounded above by maxi p̄i . (We will not delve into an accurate description of δ, since it
will turn out to be asymptotically negligible.) From (4.23) and arguing by contradiction
shows that (T − τ k )+ → 0 a.s., as k → ∞. Combining with (4.24) we get the following
result.

Proposition 4.5 Suppose that demand and capacity are scaled according to λk (·) =
kλ(·) and C k = kC, and consider the static pricing policy p k (x, t) = p̄ for all x, t and
all k. Then, as k → ∞, X̄ak (t) → C − ρ̄t a.s., uniformly in t, and

1 k
k Ra

→

n

i=1 p̄i λ̄i T

a.s.

That is, the static pricing policy (a) is asymptotically optimal in that it achieves as
k → ∞ the revenue extracted in the ﬂuid model; this is the criterion used in Gallego
and van Ryzin (1997) and Cooper (2002). This is also referred to as ﬂuid-scale asymptotic optimality (see Maglaras (2000)) to highlight that it pertains to optimality with
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respect to the highest order revenue term. We will next analyze the dynamic pricing
policy (c), and then return to deal with (b).
Analysis of the dynamic heuristic (c): The dynamic nature of this policy requires a
more detailed study. The cumulative demand for product i up to time t is equal to
Ni (Aki (t)), where

Aki (t)

=

3t
0

kλi (s)ds



where λi (s) = λri min(ρ̂, Xck (s)/(k(T − s))) ,

(4.25)

for λri (·) deﬁned in (4.6), and Xck (t) denotes the remaining capacity at time t under
policy (c), deﬁned in (4.22). Now, X̄ck (t) is bounded (X̄ k (t) ∈ [0, C]) and therefore
the sequence {X̄ck (t) : t ∈ [0, T ]} is tight (see Glynn (1990, §3)), and therefore has a
kj

converging subsequence, say {kj }, such that along this subsequence, X̄c (t) → x̄c (t)
a.s., uniformly in t; at this point limit trajectory may depend on the converging subsequence, but as we will see momentarily all possible limit solutions coincide. Given the
continuity of λri (·) and using Lemma 2.4 of Dai and Williams (1994b) we get that as
k→∞

1 k
A (t) =
k i

3t
0

7
λri

7

X̄ k (s)
min ρ̂, c
T −s
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ds →

3t
0



!!
x̄c (s)
λri min ρ̂,
ds
T −s

(4.26)

a.s., uniformly in t. Using (4.20), (4.22) and (4.26) we get that as k → ∞

X̄ck (t)

3t

!
n
1 
x̄c (s)
k
=C−
ai Ni (Ai (t)) → C −
min ρ̂,
ds
k i=1
T −s
0
=

C − ρ̄t,

(4.27)
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where the last equality follows from identifying that this is the unique solution to (4.27),
and the convergence is almost sure, uniformly in t. Finally, the revenues extracted
under policy (c) are

Rck

=

n 3t

i=1

0

pik (t)dNi (Aki (t)),

where p k (t) is the price vector that corresponds to λr (min(ρ̂, X̄ck (t)/(T − t))), the
demand rate vector at time t, and the integrals should be interpreted in the RiemannStieltjes sense. From (4.26) and (4.27) we have that λri (min(ρ̂, X̄ck (t)/(T − t))) → λ̄i a.s.,
uniformly in t. By the continuity of the inverse demand function we have that p k (t) → p̄
a.s., uniformly in t, and therefore using again Lemma 2.4 of Dai and Williams (1994b)
we get the result summarized below.

Proposition 4.6 Suppose that demand and capacity are scaled according to λk (·) =
kλ(·) and C k = kC, and consider the dynamic pricing heuristic deﬁned through (4.25).
Then, X̄ck (t) → C − ρ̄(t) a.s., uniformly in [0, T ],

1 k
k Rc

→

n

i=1 p̄i λ̄i T

a.s.

Analysis of the LPCC heuristic (b): This policy is deﬁned through Aki (t) = kλ̄i ·
9t
0

uki (t)dt, where uki (t) was deﬁned in (4.18) and can be expressed as follows:

uk1 (t) = 1{X̄bk (t) > 0} and

6

X̄bk (t)
k
ui (t) = 1 min(ρ̂
) − j<i aj λ̄j ≥ ai λ̄i for i ≥ 2,
T −t

(4.28)

where 1{·} is the indicator function. Similarly to the analysis of policy (c), the family
{X̄bk (t), t ∈ [0, T ]} is tight, and thus it has a converging subsequence {kj } on which
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kj

X̄b (t) → x̄b (t) a.s., uniformly in t. Writing down x̄b (t) and evaluating ui (t), reveals
that in the limit model ui (t) = 1 for all products i. Arguments similar arguments to
the ones used above gives the following result.

Proposition 4.7 Suppose that demand and capacity are scaled according to λk (·) =
kλ(·) and C k = kC, and consider the LPCC heuristic deﬁned through (4.28). Then,
X̄bk (t) → C − ρ̄(t) a.s., uniformly in [0, T ],

1 k
k Rb

→

n

i=1 p̄i λ̄i T

a.s.

That is, resolving and using either the dynamic pricing or the LPCC heuristics is
asymptotically optimal in the ﬂuid sense, as was the static policy (a). We note that
the last proposition is related in spirit to the one proved in Lin et.al. (2003) for their
proposed policy. Propositions 4.6 and 4.7 established that the suboptimal behavior
of the resolving idea demonstrated by the example of Cooper (2002) does not persist
when one considers its performance in systems with large capacity and large demand.
The same asymptotic performance would be obtained in a setting where the resolving
occurs in discrete points in time, provided that this is done suﬃciently frequently. If
lk is the time between resolving epochs, then the type of analysis used in studying the
asymptotic behavior of discrete-review policies (see Harrison (1995b) and Maglaras
(2000)) can be applied to establish that it suﬃces that lk ↓ 0. That is, the number of
demand requests between resolving periods must be small compared to the capacity. A
more reﬁned analysis that involves a central-limit-theorem type of correction to Rak , Rbk
and Rck that is proportional to

√

k would in fact show that policy (c) is better than (b),

which is better than (a). These ﬁndings are illustrated numerically in the next section.
Finally, we note that the feedback nature of the dynamic policies will make them more
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robust against model and/or parameter uncertainties, e.g., with respect to the functional form of the demand model or the size of the cross-price sensitivity parameters.
While this issue is of signiﬁcant practical and theoretical interest, its analysis is beyond
the scope of this paper.

4.4.3 Dynamic Pricing Network Revenue Management Problems
Suppose that the ﬁrm is operating a network of resources, indexed by j = 1, . . . , m,
and that each product i request consumes Aij units of resource j capacity. Let A :=
[Aij ] denote the associated capacity consumption matrix, and assume that the initial
capacity for each resource j is Cj . Then, the ﬂuid model formulation of the network
dynamic pricing problem is:
3
max

{λ(t), t∈[0,T ]}

3T

T

R(λ(t))dt :
0

0

6
Aλ(t)dt ≤ C and λ(t) ∈ L ∀t .

(4.29)

As before, this problem can be expressed in terms of ρ which is deﬁned by ρ := Aλ.
Speciﬁcally, let

R r (ρ) := max {R(λ) : Aλ = ρ, λ ∈ L} ,

(4.30)

λ

be the maximum achievable revenue rate when resource capacity is consumed at a rate
ρ, and λr (ρ) denote the corresponding vector of optimal demand rates. Then, (4.29)
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can be reduced to
3

T

max

{ρ(t), t∈[0,T ]}

r

3T

R (ρ(t))dt :
0

0

6
ρ(t)dt ≤ C and ρ(t) ∈ R ∀t .

(4.31)

Let ρ̄ denote the solution to (4.31). Then, λr (ρ̄) will be the vector of optimal demand
rates for (4.29). This reduction can be computationally beneﬁcial, since as is often
the case the number of products (e.g., the number of fare-class and origin-destination
pairs) tends to be greater than the number of resources (e.g., number of ﬂights in a
hub-and-spoke network). One can similarly address network capacity control problems
using the results of the previous subsection. Overall, this structural decomposition
seems a promising direction for future work towards the development of practical network revenue management algorithms. We refer the reader to Gallego and van Ryzin
(1997) and Kleywegt (2001) for ﬂuid formulations to multi-product network revenue
management problems.

4.5

Numerical examples

This section reports on a set of numerical examples that contrast the performance of
the heuristics proposed in the previous section to that of the optimal policy obtained
from the dynamic program. We review a variety of settings that explore the eﬀects of
the joint capacity constraint and of cross-price sensitivities in multi-product revenue
management.
The base model that we use has two products, each consuming one unit of capacity per request, and a linear demand relationship of the form λ(p) = Λ − Bp with
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Λ = [.3, .1] and T = 200 time periods. Towards the end of the section we will study
examples with three products and non-uniform capacity requirements. The price set is
deﬁned as P = {p : Λ−Bp ≥ 0}. Recall that the inverse demand and revenue functions
are given by p(λ) = B −1 (Λ − λ) and R(λ) = λ B −1 (Λ − λ), respectively. The speciﬁc
policies that we consider are the following:
• ‘Revmax’ corresponds to the monopoly price vector p̄ that maximizes the aggregate instantaneous revenue rate disregarding the capacity constraints, computed
as follows:



λ̂ = argmax {λ B −1 (Λ − λ) : λ ≥ 0} = (1/2)(B −1 + B −1 )−1 Λ
p̂

and

= B −1 (Λ − λ̂).

• ‘Fluid’ implemented the price vector p̄ = p(λr (ρ̄)) as deﬁned in (4.15) and (4.16).
For the linear demand model one can derive closed form expressions for the aggregate revenue function R r (ρ), the corresponding revenue maximizing demand vector
λr (ρ), and get a simple characterization of policies (a) and (b). We will illustrate this
point for the special case where B is diagonal, i.e., bij = 0 for all i ≠ j, in which case
there are no cross-price sensitivity eﬀects due to product substitution and/or complementarities. In this case, B = diag(b11 , . . . , bII ) and B −1 = diag(1/b11 , . . . , 1/bII ). The
revenue function is R(λ) =

n

i=1 λi (Λi

− λi )/bii and ∂R(λ)/∂λi = (Λi − 2λi )/bii . With

no loss of generality we will assume that products are labelled such that Λ1 /b11 ≥
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Λ2 /b22 ≥ · · · ≥ ΛI /bII . The ‘Revmax’ policy is given by

λ̂i = Λi /2

and p̂i = Λi /2bii .

The ‘Fluid’ policy is deﬁned as follows. For a sequence of constants 0 = ρ (0) ≤ ρ (1) ≤
· · · ≤ ρ (I) (speciﬁed below) we set î(ρ) as a function of ρ to be î(ρ) = min{i ≥
0 : ρ (i) ≥ ρ}, and then

λrj (ρ)

=





 λ̂j − µBjj





0

j ≤ î(ρ)
j > î(ρ)


where µ =

k≤î


λ̂k − ρ

k≤î Bkk

,

and R r (ρ) = λr (ρ) B −1 (Λ − λr (ρ)) which is a piecewise concave quadratic function
in ρ. The expression for µ comes from the form of the Lagrange multiplier that takes
into account the ‘open’ products. It remains to deﬁne the constants ρ (i) , which is done
recursively as follows:
#
Λ1 − 2l1
Λ2
,
= min ρ ≥ 0 : ρ = l1 ,
=
b11
b22
#
2
Λ1 − 2l1
Λ2 − 2l2
Λ3
= min ρ ≥ 0 : ρ = l1 + l2 ,
=
=
b11
b22
b33
2

ρ

(1)

ρ (2)

and so on. A similar argument can be applied when the cross-price sensitivity parameters are non-zero and the capacity requirements are not all equal to 1.
• ‘Decoupled-DP’ is the following heuristic: each product manager calculated upfront a dynamic pricing strategy for his product by solving a single-item DP, disregarding cross-elasticity eﬀects with the other product. At each point t in time,
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the remaining capacity is split according to the nominal split prescribed by the
ﬂuid solution, C̃i (t) := λr (ρ̄) · (T − t). The product managers then implement the
pricing strategy according to the remaining time and their assigned inventory.
This heuristic is one of many possible ‘reﬁnements’ over the deterministic ﬂuid
solution, and is used for illustrative purposes.
• ‘LPCC’ is the joint (list) pricing and capacity control heuristic deﬁned through
(4.18).
• ‘DynPrice’ is the dynamic implementation of the ﬂuid policy deﬁned through
(4.19).
• ‘DP’ implemented the solution of the dynamic program outlined in Section 3.1.
The expected revenue under the ﬁrst two static pricing rules were computed analytically using a binomial model, while those under the next three policies were obtained
by averaging out revenues from 1,000 simulated sample paths.
I. The eﬀect of the joint capacity constraint. Table 1 studies a series of problems with
increasing capacity. The price sensitivity matrix is B = diag(1, 6), which implies that
there are no cross-price sensitivity eﬀects (b12 = b21 = 0) to isolate the eﬀect of the
joint capacity constraint on the performance of the various heuristics.1 The resulting
demand model was

λ1 (p) = .3 − 1p1

and λ2 (p) = .1 − 6p2 .

1
The parameter values in this and other examples that follow were selected from a large pool of
cases tested, and are representative in terms of the optimality gaps observed for the various policies.
To demonstrate the eﬀects of the joint capacity constraint and cross-price sensitivities, the relative
magnitudes of Λ and B for the two products are such that in most cases it is economically optimal to
oﬀer both products.
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Table 4.1: Results for B = diag(1, 6). For each policy we report the expected revenue
(×1000) and the optimality gap relative to the performance of the optimal policy (DP).
C

Revmax

Decoupled-DP

Fluid

LPCC

DynPrice

DP

15

171.87 (45.9%)

186.00 (41.4%)

304.25 (4.2%)

305.25 (3.9%)

305.40 (3.8%)

317.52

20

229.17 (39.3%)

236.64 (37.3%)

366.29 (3.0%)

367.34 (2.7%)

372.18 (1.5%)

377.67

25

286.41 (31.4%)

285.38 (31.7%)

404.96 (3.0%)

406.98 (2.6%)

416.05 (0.4%)

417.63

30

342.94 (22.2%)

324.83 (26.3%)

420.98 (4.4%)

426.04 (3.3%)

436.05 (1.0%)

440.53

35

394.66 (12.6%)

348.15 (22.9%)

428.65 (5.1%)

443.25 (1.9%)

445.76 (1.3%)

451.63

40

432.53 (5.4%)

367.89 (19.5%)

432.53 (5.4%)

454.76 (0.7%)

454.55 (0.7%)

457.00

45

451.40 (1.8%)

396.58 (13.7%)

451.40 (1.8%)

458.73 (0.2%)

458.63 (0.2%)

459.50

50

457.18 (0.7%)

414.24 (10.0%)

457.18 (0.7%)

459.16 (0.3%)

458.93 (0.3%)

460.39

The ‘Fluid’ pricing problem becomes unconstrained, i.e., the capacity constraint is
not binding at its optimum, for C ≥ 40 units, in which cases the ‘Revmax’ and ‘Fluid’
prices coincide. We observe the following. First, the relative performance under the
‘Fluid’ and ‘Revmax’ heuristics improves as the capacity C increases; this is consistent
with the results by Gallego and van Ryzin (1994, 1997) that also illustrated that the
eﬀect of the capacity constraint is more pronounced when C is scarce. Second, for the
cases where the capacity is scarce, the ‘Fluid’ heuristic that incorporates the capacity
constraint signiﬁcantly outperforms ‘Revmax,’ but its regret over the ‘DP’ policy can
still be substantial (0.7%-5.4%). Third, in comparing ‘Fluid’ with ‘LPCC’ we note that
when the capacity is small C ≤ 20 the ﬂuid prices eﬀectively switch oﬀ product 2 and
operates as a single-product system, where the two rules are almost identical. As the
capacity increases, it is optimal to oﬀer both products and the eﬀect of the capacity
control capability of LPCC becomes more evident. Switching from an eﬀectively single-
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product to a two-product solution also causes the optimality gaps to be non-monotone.
Fourth, the dynamic pricing heuristic that eﬀectively resolves the ﬂuid policy at each
time point is signiﬁcantly better than all these heuristics when the caapcity is scarce.
Finally, the ‘Decoupled-DP’ policy performs very poorly even when the ﬁrm has ample
capacity, mainly because it disregards the pooling eﬀects across products.
II. The cross-price elasticity eﬀects. The next two tables study how cross-price sensitivity eﬀects impact the performance of these heuristics by gradually increasing the interaction terms b12 and b21 . Table 2 used b12 = −.4 and b21 = −.6, which corresponds
to the demand model λ1 (p) = .3−1p1 +.4p2

and λ2 (p) = .1−6p2 +.6p1 , while Table

3 had b12 = −0.8 and b21 = −1.2. Again, the ‘Decoupled-DP’ heuristic performs very
poorly when compared to all other candidates, and its performance deteriorates substantially as the magnitude of the cross-price interaction terms increases. The ‘Fluid’
and ‘LPCC’ policies that incorporate the interaction eﬀects in their static prices perform
consistently well, but again the magnitude of their respective optimality gaps tends to
increase as the interaction coeﬃcients increase. Based on a wide range of examples ran
with random interaction terms bij while keeping bii constant, we found that the ‘LPCC’
heuristic outperforms the ‘Fluid’ policy by about .75% to 2% in cases where the capacity
is suﬃciently large so as to want to oﬀer both products. The dynamic heuristic adds
an other 1% of improvement.
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Table 4.2: Expected revenues and optimality gaps when B = [1 − .4; −.6 6] .
C

Revmax

Decoupled-DP

Fluid

LPCC

DynPrice

DP

20

235.77 (42.0%)

121.35 (70.2%)

394.27 (3.1%)

396.13 (3.6%)

399.21 (1.9%)

406.81

30

353.42 (26.1%)

199.95 (58.2%)

457.89 (4.2%)

464.66 (2.8%)

472.74 (1.1%)

478.11

40

457.84 (8.4%)

262.36 (47.5%)

475.35 (4.9%)

492.57 (1.5%)

496.94 (0.6%)

500.07

50

500.63 (1.1%)

342.00 (32.4%)

500.63 (1.1%)

505.57 (0.1%)

506.05 (0.0%)

506.17

Table 4.3: Expected revenues and optimality gaps when B = [1 − .8; −1.2 6] .
C

Revmax

Decoupled-DP

Fluid

LPCC

DynPrice

DP

20

265.22 (44.8%)

75.03 (84.4%)

465.13 (3.2%)

465.19 (3.1%)

472.12 (1.7%)

480.29

30

397.77 (30.1%)

133.86 (76.5%)

545.46 (4.1%)

551.33 (3.1%)

562.73 (1.0%)

568.68

40

524.30 (12.6%)

204.75 (65.9%)

572.29 (4.6%)

589.80 (1.7%)

597.80 (0.4%)

599.90

50

597.98 (2.1%)

260.79 (57.3%)

597.98 (2.1%)

606.49 (0.7%)

606.70 (0.7%)

610.99

III. Mulitple products. Table 4 reports results for a model with three products, and
provides a brief illustration of the consistently good performance of the LPCC and
DynPrice policies.
Table 4.4: A three-product example: Λ = [.2 .1 .1] and
B = [1 − .8 − .4; −1.2 3 − .6; −.3 − .6 4] .
C

Revmax

Decoupled-DP

Fluid

LPCC

DynPrice

DP

10

132.08 (56.0%)

12.81 (95.7%)

237.65 (20.8%)

251.98 (16.1%)

284.04 (5.4%)

300.16

20

264.15 (42.3%)

38.13 (91.7%)

436.29 (4.7%)

444.12 (3.0%)

451.15 (1.4%)

457.63

30

395.99 (25.4%)

92.95 (82.5%)

507.77 (4.3%)

511.24 (3.6%)

525.38 (1.0%)

530.51

40

513.68 (8.4%)

157.74 (71.9%)

534.99 (4.6%)

543.67 (3.0%)

556.64 (0.7%)

560.65

50

563.05 (1.1%)

199.91 (64.9%)

561.52 (1.4%)

563.82 (1.0%)

566.42 (0.5%)

569.35

IV. Non-uniform capacity requirements The next two tables summarize results for a
model with two products that have diﬀerent capacity requirements. This change com-
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plicates the associated dynamic programming formulation, in the sense that the structural result of Section 4.3.1 that allows us to consider the problem in terms of the
aggregate capacity consumption rate no longer holds. Numerically, this aﬀects the
backwards induction step required to solve the problem. In contrast, the ﬂuid analysis
of Section 4.4.1 and the heuristics extracted therein are still valid. In the notation of
Section 4.4, we will assume that product i consumes ai units of capacity and a1 ≠ a2 .
The results of the next two tables suggest that the ﬂuid model heuristics perform quite
well in cases where the capacity requirements are small compared to the capacity itself. This eﬀect is more pronounced in Table 6 because in this example the product
that requires more capacity per request (product 1) happens to be the more proﬁtable
product as well, hence making the overall capacity small compared to a1 in the ﬁrst
two or three rows.

Table 4.5: Expected revenues and optimality gaps when
B = [1 − .4; −.6 6] and a = [1 2].
C

Revmax

Fluid

LPCC

DynPrice

DP

10

92.61 (63.0%)

234.09 (6.6%)

235.65 (5.9%)

233.64 (6.7%)

250.54

20

181.29 (55.3%)

394.35 (2.8%)

394.92 (2.7%)

399.77 (1.5%)

405.75

30

273.21 (42.7%)

456.32 (4.3%)

459.51 (3.7%)

464.22 (2.7%)

476.91

40

361.53 (27.1%)

468.52 (5.6%)

485.66 (2.1%)

488.78 (1.5%)

496.05

50

442.54 (12.0%)

473.95 (5.7%)

494.47 (1.7%)

497.77 (1.0%)

502.77

60

491.22 (2.9%)

489.40 (3.2%)

500.14 (1.1%)

504.46 (0.3%)

505.81

70

502.87 (0.8%)

503.02 (0.7%)

504.94 (0.4%)

505.07 (0.3%)

506.73

80

505.12 (0.3%)

505.74 (0.2%)

506.10 (0.2%)

506.33 (0.1%)

506.86
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Table 4.6: Expected revenues and optimality gaps when
B = [1 − .4; −.6 6] and a = [2 1].
C

Revmax

Fluid

LPCC

DynPrice

DP

10

66.90 (51.8%)

120.96 (12.9%)

121.81 (12.3%)

120.51 (13.3%)

138.92

20

136.64 (45.8%)

235.07 (6.7%)

235.57 (6.5%)

234.83 (6.8%)

252.04

30

206.30 (39.5%)

325.97 (4.4%)

327.28 (4.0%)

327.54 (3.9%)

340.95

40

276.01 (32.2%)

393.26 (3.3%)

394.49 (3.0%)

399.77 (1.7%)

406.89

50

345.91 (23.4%)

438.37 (3.0%)

438.61 (2.9%)

449.08 (0.6%)

451.85

60

411.77 (14.2%)

461.79 (3.7%)

463.35 (3.4%)

473.84 (1.2%)

479.64

70

465.83 (6.0%)

473.78 (4.4%)

477.88 (3.6%)

491.75 (0.8%)

495.78

80

494.94 (1.7%)

493.53 (2.0%)

495.15 (1.7%)

500.27 (0.7%)

503.60

90

503.42 (0.6%)

502.08 (0.8%)

505.33 (0.2%)

505.85 (0.1%)

506.26

V. An analytical example: the Multinomial Logit (MNL) model We complete this section by illustrating that for the commonly used MNL choice model the subproblems
of computing the revenue function and demand rates as functions of the aggregate
demand rate are solvable in closed form. In the MNL model we assume that potential
customers arrive to the ﬁrm with utilities for each product i given by ui + ξi , where
ui is the deterministic portion that is common to all customers and ξi is the random
term (that diﬀerentiates customers). The MNL choice model hinges on the assumption
that these random terms ξi are random variables drawn from a Gumbel distribution
with mean zero and parameter one (the latter is assumed w.l.o.g.), which as IID across
products and customers. The deterministic component of the utility can be written as
ui = vi − pi , where vi denotes the ‘average value’ of the product and pi is its price.
Finally, we denote by u0 + ξ0 the utility of the no-purchase option, where ξ0 is IID with
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the ξi ’s and w.l.o.g. we will assume that u0 = 0. Finally, let Λ be the aggregate customer
arrival rate or market size. Under these assumptions the demand rates for product i is
given by

λi (p) = Λ

evi −pi

.
1 + j evj −pj

Suppose further that the cost of a unit of product i to the ﬁrm is given by ci > 0. Then,
the proﬁt rate function as a function of the price vector is given by

n

i=1 λi (p)(pi

−

ci ). With some abuse of notation deﬁne the aggregate proﬁt rate function R r (ρ) to
incorporate the product costs ci as follows

R r (ρ) := max


n



i=1

λi (p)(pi − ci ) :

n

i=1




λi (p) = ρ, λ(p) ≥ 0 .


Then, simple algebraic manipulations give that



R r (ρ) = ρ ln(

evj −cj ) − ρ ln(ρ/(Λ − ρ))

(4.32)

j

and

evi −ci
λi (ρ) = ρ  vj −cj
je

and pi (ρ) = ci + ln(



je

vj

) − ln(ρ/(Λ − ρ)).

(4.33)

This calculation oﬀers a nice insight about the structure of the optimal pricing strategy,
namely that each product is priced at its cost plus a common premium that depends
on the aggregate capacity consumption rate. From a computational viewpoint, one can
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now use the expression for R r (ρ) in the dynamic program of the form discussed in
Subsection 4.3.1 to eﬃciently solve for the optimal capacity consumption rate ρ ∗ (x, t)
and then use (4.33) to translate this into product-level controls.

Chapter 5

Price Competition under Time-Varying
Demands and Dynamic Lot Sizing
Costs

5.1

Introduction

Determining the ‘right’ price to charge for a product is a complex task. A voluminous
literature in economics and marketing has been devoted to models which prescribe how
prices should be set in industries in which a limited number of competing ﬁrms oﬀer
similar products, which may therefore be viewed as substitutes. These papers typically
model the interaction among competitors as a noncooperative game, see Vives (2000)
and Tirole (1988) for survey texts.
More recently, operations management papers have demonstrated that the opera-
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tional environment and associated cost structures may have a fundamental impact on
the equilibrium behavior in the industry, in general, and the resulting price levels in particular. See Cachon (2003) for a recent survey. Little remains known, however, about
how prices should be set in a competitive environment, in the simultaneous presence
of two other major complications:
(i) time dependent demand functions and cost parameters, and
(ii) scale economies in the operational costs
In contrast, progress has been made in addressing either one of these factors by
itself.
For example, Bernstein and Federgruen (2003) address a setting where each ﬁrm
incurs ﬁxed as well as variable procurement costs along with (linear) inventory carrying
costs. However, the model assumes an inﬁnite horizon setting with time-invariant demand functions and cost parameters. Here the long-run average operational costs are
given by the simple closed-form Economic Order Quantity (EOQ) cost function, i.e. the
costs are given by the sum of a term that is proportional with the demand value itself
and one that is proportional with the square root of the demand value, thus reﬂecting scale economies. Cachon and Harker (2002) similarly consider, for an industry
with two ﬁrms, a setting with a single set of time-invariant demand functions and
with a closed form cost function given by a concave power function of the demand
volume, (possibly in conjunction with a linear cost component), once again to reﬂect
scale economies. Other than the EOQ-cost model above, the authors show that their
cost structure arises in a speciﬁc service competition model.
At the same time, a stream of marketing papers address competitive pricing prob-
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lems under time-dependent demand functions, however with simple linear cost functions, and under the assumption that each period’s demand is procured in the same
period, i.e. no inventories are carried. Theses paper include Kalish (1983), Eliashberg
and Jeuland (1986), Clarke and Dolan (1984), Rao and Bass (1985), and Dockner
and Jorgensen (1988). See Elmaghraby and Keskinocak (2003) for a survey. Perakis
and Sood (2003, 2004) and Kachani, Perakis and Simon (2004) also address competitive pricing problems under time-varying demand functions. Since each ﬁrm starts the
planning horizon with a known inventory and inventories can not be replenished at any
time during the horizon, these models consider no replenishment costs.
This paper appears to develop the ﬁrst competitive pricing model which combines
the complexity of time-varying demand and cost functions and that of scale economies
arising from dynamic lot sizing costs. Each ﬁrm can replenish inventory in each of the
T periods into which the planing horizon is partitioned. Fixed as well as variable procurement costs are incurred for each procurement order, along with inventory carrying
costs. Each ﬁrm adopts, at the beginning of the planning horizon, a (single) price to
be employed throughout the horizon. Based on each period’s system of demand equations, these prices determine a time series of demands for each ﬁrm, which needs to
service them with an optimal corresponding dynamic lot sizing plan. Scale economies
always create major analytical complications in the study of price equilibria, see e.g.
Vives (2000) and Cachon and Harker (2002). In our case, the problems are compounded by the fact that the cost structure can not be represented as a closed form
analytical function of the (time series of) demand volume(s).
We model each ﬁrm’s time dependent demand function as an aﬃne transformation

115
of a basic time-invariant demand function of general structure, i.e. the time invariant
demand function is multiplied by a ﬁrm- and period-dependent ‘seasonality’ factor and
shifted by a (ﬁrm- and period dependent) ‘seasonality’ term. This general framework
includes the special cases of multiplicative seasonalities and additive seasonalities.
We establish the existence of a price equilibrium and associated optimal dynamic
lotsizing plans, under mild conditions and employing a close approximation for the
optimal lotsizing costs. We also design eﬃcient procedures to compute the equilibrium
prices and dynamic lotsizing plans. Finally, we characterize how the equilibrium is
aﬀected by changes in various cost and demand function parameters. Much of the
analysis focuses on an individual ﬁrm’s best response problem, i.e. the characterization
of the optimal price and lot sizing strategy, in response to a given set of prices adopted
by the ﬁrm’s competitors. This best response problem is of interest in its own right. For
the case of multiplicative seasonalities and constant setup costs, we design an eﬃcient
algorithm whose computational eﬀort involves O(T 2 ) elementary operations and O(T )
maximizations of a single variable concave function. (For many classes of demand
functions, these maximizations can be performed in closed form). For the general
model, we develop an alternative solution method whose eﬃciency is demonstrated via
a numerical study. The algorithms for the best response problem are used repeatedly
in the procedure which computes the overall price and lotsizing equilibrium in the
industry.
The numerical study, in addition, reveals the following insights: contrary to folklore, it is not always best for a ﬁrm to operate under time-invariant demand functions
or cost parameters. Even in equilibrium, all ﬁrms in the industry may be better oﬀ un-
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der certain types of seasonality patterns in the demand or cost parameters. When the
above mentioned mild existence conditions for a (unique) equilibrium fail to hold, the
industry may switch from having a unique equilibrium to either having none or having
multiple equilibria, depending on which seasonality pattern prevails.
One of the most fundamental assumptions in our model is that each ﬁrm maintains
a constant price throughout the sales season. In many industries this is the practice,
either because mid-season price changes can not be implemented (e.g. catalog sales)
or because they are managerially undesirable. For example, in many retail operations
it is considered unacceptable to raise prices during the season and at most one or two
markdowns in a single season are as much as contemplated. Empirical analysis has
documented that prices for certain goods are extremely ‘sticky’, i.e. they change very
slowly over time, if at all. Carlton (1986), for example, has investigated price data
for industrial buyers over a 10 year period and has concluded that the price rigidity in
many industries is striking. Kashyap (1995) analyzed the data from catalog sales and
observed that the prices typically remain constant over several seasons, beyond the
total of a year. As a third example, Cecchetti (1986) has studied newsstand prices for
some 40 American magazines over a period of close to 20 years. This author concluded
that prices exhibited remarkable rigidity to the extent of dropping in real (i.e. inﬂation
corrected) value by as much as a quarter before a price adjustment is implemented. See
Barro (1972), Sheshinski and Weiss (1977, 1983), and Caplin and Leahy (1991) for
theoretical models explaining price rigidity. Finally, Blinder et al (1998) document
and explain the multitude of reasons why companies maintain ‘sticky’ prices.
(As demonstrated below, at least the best response problems are considerably eas-
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ier under the alternative assumption where prices may be chosen and varied independently in each period.)
The above not withstanding, we hope that our work will be extended to allow for a
limited or an arbitrary number of price changes.
Beyond the competition models mentioned above, we now give a brief review of
other literature that is relevant to our work. Even within the context of optimization
models with a single decision maker, the integration of pricing and inventory strategies
has only recently received the attention it deserves, even though the seminal papers
on dynamic lot sizing by Wagner and Whitin (1958, 1959) and Wagner (1960), 45
years ago, already addressed the need to integrate pricing and production planing decisions. We refer to Eliashberg and Steinberg (1993) for a survey of early work and
to Elmaghraby and Keskinocak (2003) for a more recent survey.
Thomas (1970) addressed the dynamic lot sizing problem in which each period’s
demand depends (exclusively) on the price charged during this period according to a
period-speciﬁc demand function. Assuming prices can be changed arbitrarily from one
period to the next and that demand in a given period is independent of the prices
oﬀered in other periods, the author shows that an optimal plan can be found by a
simple extension of the classical shortest path method by Wagner and Whitin (1958).
As in the classical dynamic lot sizing problem with exogenously speciﬁed demands,
it is easily veriﬁed that replenishment orders should only be placed in periods with zero
starting inventory. In view of this observation, the optimal procurement plan can thus
again be described as the shortest path in a network in which each period is represented
as a node and traversing an arc from period i to period j corresponds with the decision
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to satisfy all demands in period i, i+1, . . . , j−1 from a single order delivered in period i.
The only diﬀerence with the classical Wagner-Whitin shortest path procedure is that
evaluation of the (optimal) cost or proﬁt value of any arc (i, j) now involves optimizing
a closed form expression over the prices in periods i, i + 1, . . . , j − 1. Thus, dynamic lot
sizing problems with arbitrary time-dependent prices are radically simpler than under
the requirement that a single constant price be used.
The best response problem which arises within our competition model was ﬁrst addressed by Kunreuther and Schrage (1973). These authors propose a heuristic procedure which also generates an upper and lower bound for the optimal price. Gilbert
(1999) considers the special case of the best response problem in which only multiplicative seasonalities prevail and all cost parameters remain constant over the entire
planing horizon. One of our procedures for the best response problem is based on
Gilbert’s approach but reduces the computational complexity by an order of magnitude (O(T 2 ) compared to O(T 3 ) complexity), while addressing more general parameter
settings. This complexity reduction is particularly important in our competition model
where best response problems need to be solved repeatedly and for each of the N ﬁrms
in the industry.
The remainder of the Chapter is organized as follows: In Section 5.2 we specify
the general competition model and the notation. Section 5.3 is devoted to the best
response problem which arises under multiplicative seasonalities and constant set-up
costs. Section 5.4 addresses the fully general response problem. The equilibrium analysis for the competitive model is carried out in Section 5.5. Section 5.6 completes the
paper with a numerical study.
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5.2

Model and Notation

We consider an industry with N ﬁrms, each selling a distinct item or product brand.
We refer to the item sold by ﬁrm i as item i = 1, . . . , N. The diﬀerent items are (close)
substitutes of each other, e.g. diﬀerent brands of 19” television sets, digital cameras,
notebook computers, sport utility vehicles, tooth paste etc. We consider a planning
horizon of T periods. If the ﬁrms face a natural sales season introducing a new model
or variant in each season, a natural choice of T arises, e.g. T = 52 weeks in the automobile manufacturing industry operating with a weekly production and sales schedule.
Otherwise T is chosen large enough to ensure that the ﬁrms’ decisions pertaining to
the initial periods of the planning horizon are not aﬀected by this truncation of the
planning process.
Each ﬁrm selects a (single) price to be used though out the planning horizon. (See
Section 1 for a discussion of this assumption.) Each ﬁrm’s demand in each period
depends potentially on the complete vector of prices selected in the industry according
to a general time-dependent demand function. Thus, let

pi

=

the price charged by ﬁrm i = 1, . . . , N

dit

=

the demand faced by ﬁrm i in period t = 1, . . . , T

=

dit (p 1 , . . . , p N )

The time-dependence of the demand function is characterized by additive season-
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alities as well as multiplicative seasonality factors, i.e.

dit (p) = αti + βit δi (p)

∀

i = 1, . . . , N; t = 1, . . . , T

(5.1)

with δi (p) the deseasonalized demand function for ﬁrm i, i = 1, . . . , N. The general
speciﬁcation in (5.1) contains two important special cases: (a) a purely additive seasonality structure arises when all βit = 1. In this case, the demand function of a given ﬁrm
undergoes parallel shifts as we move from one period to the next; (b) a purely multiplicative structure arises when all αti = 0; here, each ﬁrm’s demand is scaled up (βit > 1)
or down (βit < 1) compared to the deseasonalized norm.
The deseasonalized functions δi (p) are continuously diﬀerentiable, with

∂δi (p)
∂p i

< 0,

i.e. a price increase results in in a decrease of the demand volume. Since the demand
function δi (p) is strictly decreasing in p i , it is possible to derive an inverse demand
function p i = φ(δi |p −i ). We only assume that ﬁrm i’s revenue is concave in the demand
volume δi , i.e. R i (δi |p −i ) = δi φ(δi |p −i ) is concave in δi . An important special case
arises when all deseasonalized functions are linear:

δi (p) = ai − bi pi +



θji p j

i = 1, . . . , N,

(5.2)

j=i

Without loss of generality, we assume that

bi >



θji

,

i = 1, ..., N.

(5.3)

j=i

This standard assumption is often referred to as the Dominant Diagonal assumption.
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It merely precludes completely unrealistic situations where an across the board price
increase in the industry results in an increase of a ﬁrm’s sales volume. The ﬁrms
procure their goods by a production and distribution process which, in principle, allows
for inventory replenishments at the beginning of each period. As in standard dynamic
lot sizing problems, we assume that ﬁxed as well as variable procurement costs are
incurred as well as inventory carrying costs which are proportional to each end-of-theperiod inventory. All cost parameters may ﬂuctuate over the course of the planning
horizon in arbitrary ways. Thus let

Kti

=

the ﬁxed setup cost for a procurement batch delivered to ﬁrm i in period t,
i = 1, . . . , N; t = 1, . . . , T

cti

=

the per unit procurement cost rate for a procurement batch delivered to
ﬁrm i in period t, i = 1, . . . , N; t = 1, . . . , T

hit

=

the inventory carrying cost for each unit of item i carried in inventory at the
end of period t, i = 1, . . . , N; t = 1, . . . , T

Each ﬁrm i thus selects a price p i as well as a complete procurement schedule for
%
$
the entire planning horizon to support the demand stream dit (p) which arises from
the collective price choices. Note that his price p i aﬀects the proﬁts earned by all ﬁrms
in the industry via its impact on each ﬁrm’s demand function and hence each ﬁrm’s
demand stream. At the same time, the procurement schedule selected by ﬁrm i impacts
only his own proﬁt measure. It is thus possible to conceptualize the competition model
as a single stage game between N ﬁrms, in which each ﬁrm makes a single competitive
choice, i.e. its price level. The competition model may thus be viewed as an example of
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Bertrand price competition. (Alternatively, one may assume that each ﬁrm i selects a
basic deseasonalized target volume δi . This results in a vector of prices p which satisfy
the demand equations δi = δi (p), i = 1, . . . , N. We discuss this Cournot competition
variant at the end of Section 5.5). The game is characterized by the proﬁt functions:

π i (p) =

the proﬁt earned by ﬁrm i under the price-vector p, assuming ﬁrm i adopts
an optimal dynamic lot sizing schedule to respond to the demand stream
$

dit (p) : t = 1, . . . , T

%

The proﬁt function may be written in the form:

π i (p) = p i

T


dit (p) − C i (p)

i = 1, . . . , N

(5.4)

t=1

where
C i (p) = the minimum total operating costs for ﬁrm i to service the demand stream
{dit (p)}. The diﬃculty in analyzing the competition model and in characterizing its
equilibrium behavior, stems from the complexity of the cost functions C i (p). Clearly,
the function C i (p) cannot be represented as an analytical closed form expression. The
function can be evaluated for any given price vector p in O(T 2 ) time using the standard
Wagner-Whitin shortest path procedure and in O(T log T ) time by one of the methods
in Aggarwal and Park (1993), Federgruen and Tzur (1991), or Van Hoesel and
Wagelmans (1992). Clearly C i (p) depends on the price vector p ‘only’ through the
$
%
demand sequence dit (p) = dit .
Lemma 5.1 C i is a piecewise linear concave function of the demand sequence
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$
%
dit = dit (p) .
Proof: Fix a price vector p ∈ R N . Assume ﬁrm i chooses to replenish its inventory
in the set of periods Θ = {t1 = 1, t2 , . . . , tn }. It is well known that a zero-inventory
ordering policy is optimal. This implies that the optimal cost under this sequence of
order periods is given by:

i

C (p|Θ) =

n

l=1

+

Ktil

+

n

l=1

n tl+1

−1
l=1 r =tl

ctil

tl+1
−1

dir (p)

r =tl

hir (dir +1 (p) + · · · ditl+1 −1 (p))

(5.5)

$
%
where tn+1 = T + 1. Finally, C i (p) = min C i (p|Θ)|Θ ∈ 2{1,... ,T } , i.e. C i (p) is the
minimum of (2T − 1) linear functions and is therefore concave in the vector
%
dit : t = 1, . . . , T .

$

As a corollary of the above Lemma we obtain that, if all demand functions are linear,
the cost functions C i (p) are piecewise linear and jointly concave in the price vector
p, itself. Unfortunately, this characterization is by itself insuﬃcient to conduct the
equilibrium analyses. First, concave cost functions reﬂecting economies of scale create
major analytical diﬃculties in equilibrium analysis, see Vives (2000) and Cachon and
Harker (2002). Second, the fact that C i (p) is not available in closed form generates
additional complexities. Finally, C i (p) fails to be jointly concave in p for more general
non-linear demand functions.
Before providing a complete characterization of the industry’s equilibrium behavior,
we ﬁrst analyze an individual ﬁrm’s best response problem. Thus, for any i = 1, . . . , N,
let
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π i (p i |p −i ) =

the proﬁt for ﬁrm i when choosing price p i , given his competitors’

prices p −i = (p 1 , . . . , p i−1 , p i+1 , . . . , p N ) and assuming ﬁrm i minimizes
%
$
operating costs to service the resulting demand stream di (p) .
The optimal proﬁt for ﬁrm i, given his competitors choose prices p −i can then be
written as:

π ∗i (p −i ) = max π i (p i |p −i )

(5.6)

pi

We refer to the optimization problem in (5.6) as ﬁrm i’s best response problem.

5.3

The best response problem under multiplicative seasonalities and constant setup costs

In this Section, we analyze a given ﬁrm i’s best response problem (5.6) in the important special case where only multiplicative seasonality factors prevail (αti = 0) and
where ﬁrm i’s setup cost remains constant over the course of the planning horizon
!

def
Kii = · · · = KTi = K i .
Note ﬁrst that under the above special structure, for any sequence of order periods
Θ = {t, . . . , tn } with n setup periods (see (5.5)):

C i (p|Θ) = nK i + δi (p)


n



l=1

ctil

tl+1
−1
r =tl

βir +

n tl+1

−1
l=1 r =tl



hir βir +1 + · · · + βitl+1 −1




(5.7)
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so that

C i (p) =

min

Θ∈2{1,... ,T }

%
$
C i (p|Θ) = min min C i (p|Θ) = min nK i + δi (p)Fni (T )
n

Θ|n

n

(5.8)

where
Fni (t)

=

minimum total variable procurement and holding costs in periods {1, . . . , t}
for ﬁrm i, assuming the ﬁrm’s demand stream is given by the seasonality
$
factors

βi1 , . . . , βit

%
and assuming that exactly n setups are performed in

the ﬁrst t periods t = 1, . . . , T ;

n = 1, . . . , t, i = 1, . . . , N.

In the next subsection we develop an O(T 2 ) procedure to compute the matrix of
$
values

%
Fni (t); t = 1, . . . , T ; n = 1, . . . , T . Thus, assuming these values have been de-

termined, it follows from (2) that the best response problem (5.6) reduces to:



T

 
π ∗i (p −i ) = max max 
βit  p i δi (p) − nK i − δi (p)Fni (T )

n 
pi
t=1




T



βit  p i − Fni (T ) δi (p i |p −i ) − nK i
= max max 

n
pi 
t=1



T
 

= max max 
βit  R i (δi |p −i ) − Fni (T )δi − nK i

n
δi 

(5.9)

t=1

In other words, the best response problem reduces to T maximization problems
of a concave function of a single variable δi . If the revenue function R i (δi |p −i ) is


strictly concave, its derivative R i (·|p −i ) is strictly decreasing and has an inverse func


 −1
(·|p −i ). The maximizing value of δi in (5.9) is then given by δ∗i (n) =
Ri
!
  −1  i
Fn (T )
i
−i
T
. Substituting this demand value into (5.9), we conclude that
R
i |p
tion

t=1 βt

the solution of the best response problem reduces to the determination of T closed
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form expressions (for n = 1, . . . , T ) involving the inverse derivative revenue functions


Ri



−1

(·|p −i ). Assuming this function can be evaluated in constant time, the best

response problem can thus be solved in O(T 2 ) time.
Example 5.1: Assume the deseasonalized demand functions δi (p) are linear, as



in (5.5). This implies that at p i = ai + j=i θji p j − δi /bi , giving rise to a quadratic
revenue function R i (·|p −i ) and an optimizing deaseasonalized demand volume

δ∗i (n) = 

ai +



i j
j=i θj p

2



+
i F i (T )
b

 − n
T
2 t=1 βit

(5.10)

and a corresponding price

p ∗i = ai +




θji p j − δ∗i  /bi

(5.11)

j=i

Substituting this value into (5.8), we obtain:

π ∗i (p −i ) =
 4
 i 




β


√t t ai + j=i θ i p j −

j
2 bi
max

n=1,... ,T 




√
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2

b

i

F i (T )
i n
t βt

δ∗i (n) > 0

− nK i

, if

−nK i

, otherwise
(5.12)

which provides a closed form expression for the best response proﬁt function in terms
$
%
of the values F1i (T ), F2i (T ), . . . , FTi (T ) .
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An O(T 2 ) procedure to compute the optimal lot sizing cost when restricted to
a given number of order periods
In this Subsection, we develop an O(T 2 )-procedure to compute the values
$

Fni (T ) : n = 1, . . . , T

%
we need in the evaluation of (5.9). As mentioned in the intro-

duction, this procedure bears similarities to the O(T 3 )-procedure in Gilbert (1999)
for the case where all cost parameters are assumed to be constant over the course of
the planning horizon. (Gilbert addresses a single ﬁrm problem.) The procedure, in
def

fact, computes all entries of the matrix F =

$

%
Fni (t) : n = 1, . . . , T ; t = 1, . . . , T , row

%
$
by row, starting with the values F1i (t) : t = 1, . . . , T in the ﬁrst row. To simplify the
expressions we drop the superscript in this subsection. We ﬁrst need the following
notation:

B(t)

=

ckl

=

t

k=1 βk

= the cumulative demand factors over the ﬁrst t periods

ck + hk + · · · + hl−1 = the variable cost of procuring a unit in period k and
maintaining it in inventory until period l(k < l)
= ck,l−1 + hl−1

H(t)

=

t

k=1 hk

= the cost of carrying a unit of in stock from periods 1 until the

beginning of period t + 1
= H(t − 1) + ht
S(k, t) =

the total inventory carrying cost in periods k, k + 1, . . . , t when placing an
order in period k to meet the cumulative demand in periods k, . . . , t.

s(t)

=

S(1, t) = s(t − 1) + βt H(t − 1).
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C̃(k)

=

ckT − h1T = ck − H(k − 1)

(Note for all k < l, C̃(l) − C̃(k) represents the additional cost of procuring a unit in
period l as opposed to procuring it in the earlier period k and keeping it in inventory
until (at least) period l.)
Note that the ﬁrst row of the matrix F , i.e. the values {F1 (t) : t = 1, . . . , T } are easily
obtained in O(T ) time from the recursion:

F1 (1) = c1 β1 ;

F1 (t) = F1 (t − 1) + c1 βt + βt H(t − 1), t = 2 . . . , T

(5.13)

Assume therefore that the ﬁrst (n − 1) rows of F have been calculated. We now show
how the n−th row can be determined in O(T )-time by a ‘list-based’ procedure, similar to that in Federgruen and Tzur (1991) for the unrestricted lot sizing problem.
(The procedure is, in fact, considerably simpler than the one in Federgruen and Tzur
(1991), as we take advantage of the absence of setup costs). To this end, let for all
t = 1, . . . , T .
Fn (l, t) = the minimum cost in periods 1, . . . , t, under exactly n orders, when period
l is the last order period preceding period t.
To determine whether for a given horizon t = 1, . . . , T , some period l is a better
‘last’ order period than some earlier period k < l, we consider the diﬀerence function
∆n,k,l (t) = Fn (k, t) − Fn (l, t). Observe that

Fn (l, t) = Fn−1 (l − 1) + S(l, t) + cl [B(t) − B(l − 1)]

(5.14)

Fn (k, t) = Fn−1 (k − 1) + S(k, t) + ck [B(t) − B(k − 1)]

(5.15)
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Subtracting (5.14) from (5.15), we obtain after some algebra that

∆n,k,l (t) = An (k, l) + [C̃(k) − C̃(l)]B(t)

(5.16)

where

An (k, l) = Fn−1 (k − 1) − Fn−1 (l − 1) + s(l − 1) − s(k)
+C̃(k)[B(l − 1) − B(k − 1)] + βk H(k − 1)

(5.17)

+B(k − 1)(C̃(l − 1) − C̃(k))

Thus, the diﬀerence function ∆n,k,l (t) depends on the cost and demand parameters in
the periods l+1, . . . , t only via the single characteristic B(t), i.e. the cumulative demand
factor in periods 1, . . . , t. Furthermore, it is easy to characterize for which values B(t),
k dominates l as a last order period. Consider the following two cases:
(I) C̃(k) ≤ C̃(l): The condition is equivalent to ck,l ≤ ck ; in this case, it is never
strictly better to use l as the last order period rather than an earlier period. To show
this, consider an optimal zero-inventory ordering plan for some planing horizon t ≥ l,
with l as the last order period. Since ck,l ≤ cl , costs do not increase when placing the
order in the earlier period k. The resulting policy may fail to be a zero-inventory policy
but via a series of perturbations it can be transformed into a zero-inventory policy of
equal or lower cost with the same set of order periods, i.e. with a period before l as the
last order period.
(II) C̃(k) > C̃(l): In this case, it follows from (5.17) that l is a strictly better last order
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period than k if and only if

def

B(t) > Rn (k, l) = An (k, l)/[C̃(k) − C̃(l)]

(5.18)

Since each of the values in {Fn (t) : t = 1, . . . , T } represents the cost of a zero-inventory
policy, these values are completely characterized by determining for all t = 1, . . . , T :
ln (t) = the optimal last order period for the time interval [1, t], when the total
number of orders in this interval must equal n, i.e.

Fn (t) = Fn (ln (t), t) = min Fn (l, t)
l≤t

(5.19)

(If more than one period qualiﬁes as an optimal last order period, deﬁne ln (t) as the
smallest such period). Clearly Fn (t) = ∞, if t < n, so we can restrict ourselves to the
case where t ≥ n.
To construct the list {ln (t) : t = 1, . . . , T }, our procedure, iteratively for
j = n, . . . , T , constructs an (ordered) list
Ln (j) =



i : n ≤ i ≤ j : i is the (lowest indexed) best last order period for some


planning horizon t > j, with potential cumulative demand factor B(t) ≥ B(j) , along
with an ascending list of critical cumulative demand values
"
"


B(j) = r (1) < r (2) < · · · < r (m) , with m = "Ln (j)". The k-th element of the list
Ln (j) is the best last order period (under the restriction of n orders) for any horizon
t ≥ j with cumulative demand r (k) ≤ B(t) ≤ r (k + 1), k = 1, . . . , m. (Here, r (m + 1) =
∞.) Thus, under the restriction of n orders, Ln (j) is a list containing all periods among
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the ﬁrst j periods, which may arise as an optimal last order period for some horizon
t > j. In constructing this list, we treat all future demand factors βj+1 , . . . , βT as
unknown.


Clearly, the list ln (j) : j = 1, . . . , T of actual optimal last order periods is simply
the list of the ﬁrst elements of the respective lists {Ln (1), Ln (2), . . . , Ln (T )}.
The following lemma identiﬁes an eﬀective way to ‘update’ the lists


Ln (j) : j = 1, . . . , T . Clearly, Ln (n) = {n} with r (n) = B(n).
Lemma 5.2 Fix j = 1, . . . , T and let Ln (j) = (i1 , . . . , im )
(a) The periods in the list Ln (j) are distinct.
(b) Ln (j + 1) ⊆ Ln (j) ∪ {j + 1}
(c) The periods appear in the list Ln (j) in descending order of their C̃ values, i.e.
C̃(i1 ) > C̃(i2 ) > · · · > C̃(im )
(d) If C̃(j + 1) ≥ C̃(im ), then the list Ln (j + 1) = Ln (j) and the critical values
r (1), . . . , r (m) remain unchanged as well.
(e) If C̃(j + 1) < C̃(im ), period j + 1 enters at the bottom of the list. To determine the
corresponding r (·)-value, as well as which of the existing elements of the list are to
be removed, compute sequentially for k = m, m−1, . . . 1 the root r ∗ = Rn (ik , j +1)
and eliminate period ik from the list as long as r ∗ ≤ r (k). The last computed root
r ∗ has r ∗ > r (k) and is the r (·)-value for period j + 1.
Proof. (a) Assume, to the contrary, that some period i appears more than once
in the list, i.e. it is the best order period in two distinct intervals for the cumulative
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demand factor B(t), but for some in between values of B(t) some other period k is a
better last order period. This implies that the diﬀerence function ∆n,k,l (t), viewed as a
function of B(t), switches signs at least twice. Since the function is linear in B(t) this
results in a contradiction.
(b) Immediate.
(c)–(e): These parts are proven by induction with respect to j = 1, . . . , T . Assume
therefore that for the j-th list Ln (j), C̃(i1 ) > C̃(i2 ) > · · · > C̃(im ). If C̃(j +1) ≥ C̃(im ),
we have shown under (I) above, that period im is a better last order period than period
j +1 for any future horizon t > j. This proves part (d). Since the list remains unaltered,
its elements continue to be ordered in decreasing order of their C̃()-values. If C̃(j +1) <
C̃(im ), C̃(j + 1) is smaller than the C̃(·)-value of all elements of the list Ln (j), so that
(j + 1) is the best last order period among all periods 1, . . . , j + 1 for B(t)-values that
are suﬃciently large. This implies that (j + 1) is to be added to the list and since, by
part (a), it enters in the list only once, it enters at the bottom of the list. This implies
that the elements of the list Ln (j +1) continue to be ranked in decreasing order of their
C̃(·)-values, regardless of what elements of the list need to be eliminated, if any. This
completes the induction proof for part (c). To verify the validity of the list-updating
procedure in part (e), assume ﬁrst that r ∗ = Rn (im , j + 1) > r (m). For B(t) ≥ r ∗ ,
period (j + 1) is a better last order period than im and the list Ln (j) reveals that the
latter dominates all other periods in {1, . . . , j} on this half line. Thus, for B(t) > r ∗ ,
period (j+1) is the best last order period among all of the ﬁrst (j+1)-periods. On the
other hand, for r (m) ≤ B(t) ≤ r ∗ , period im dominates period (j+1) as well as all


periods in 1, . . . , j , so it is the best last order period among the ﬁrst (j+1)-periods. It
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is also easily veriﬁed that each of the previous elements ik , k < m in the list continues
to dominate on the interval [r (k), r (k + 1)] even when considering period (j+1) as an
alternative. We conclude that, in this case, the list Ln (j + 1) is obtained from the list
Ln (j), simply by appending period (j + 1) to its tail with g(m + 1) = r ∗ .
Consider now the remaining case where r ∗ = Rn (im , j + 1) < r (m). In this case,
period im is dominated by period (j+1) for B(t) ≥ r (m), while it is dominated by some
period in {1, . . . , j} for B(t) < r (m). This implies that period im is to be eliminated
from the list and the updating process can now proceed with this curtailed list.
Remark: Upon completion of the list Ln (j + 1), it is advisable to consider the actual
cumulative demand factor value B(j + 1) and eliminate from the front of the list all
elements with an r (·)-value below B(j + 1). (After all, all future horizons t > j + 1 have
B(t) ≥ B(j + 1).)
The following summarizes he full algorithm to determine the complete matrix F =
{Fn (t) : n = 1, . . . , T ; t = 1, . . . , T }
We maintain at each iteration on ordered list
L = ({N[F IRST ], N[F IRST + 1], . . . , N[LAST ]}) such that for j = 1, . . . , T , L = Ln (j)
at the end of the j-th iteration. The records in this list are numbered FIRST, FIRST+1, . . . ,
LAST for appropriate values of FIRST and LAST. The k-th record (F IRST ≤ k ≤ LAST )
contains two numbers {N[k], r (k)}.
As explained, periods are eliminated from either the front or the tail of the list
Ln (·). We therefore distinguish between two elementary procedures:
(i) DELTOP: this procedure deletes the ﬁrst record of the list and sets FIRST :=
FIRST=1;
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(ii) DELBOT: the procedure deletes the last record of the list and sets LAST := LAST-1;
Algorithm 1 Algorithm Restricted Lot Sizing
1: F1 (1) := c1 β1
2: for j = 2 : 1 : T do
3:
B(j) := B(j − 1) + βj
4:
H(j) := H(j − 1) + hj
C̃(j) := cj − H(j − 1)
5:
6:
s(j) := s(j − 1) + βj H(j − 1)
7:
F1 (j) := F1 (j − 1) + c1 βj + βj H(j − 1)
8: end for
9: for n = 2, 1, T do
10:
for j = 1, 1, n − 1 do
11:
Fn (j) := ∞
12:
F IRST := 1
13:
LAST := 1
14:
N[F IRST ] := n
15:
r [F IRST ] := B(n)
16:
r [F IRST + 1] := ∞
17:
end for
18:
for j = n, 1, T do
19:
while r [F IRST + 1] ≤ B(j) do
20:
DELTOP
21:
end while
22:
if C̃(j) < C̃(LAST ) then
23:
while Rn (N[LAST ], j) ≤ r (LAST ) do
24:
DELBOT
25:
r (LAST + 1) := Rn (N[LAST ], j)
26:
N[LAST + 1] := j
27:
LAST := LAST + 1
28:
end while
29:
l := ln (j) := N[F IRST ]
30:
Fn (j) := Fn−1 (l) + cl (B(j) − B(l − 1)) + s(j) − s(l) − H(l − 1)(B(j) − B(l))
31:
end if
32:
end for
33: end for

It is easily veriﬁed that the computation of each row in the matrix F, i.e. the effort expended in the outer ‘for do’ loop in Step 1 is O(T ). (Note that the procedure
DELTOP and DELBOT are invoked at most (T-n+1) times during this loop, since each
period in {n, . . . , T } can be eliminated at most once, either by DELTOP or by DELBOT.
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Both procedures are of complexity O(1) as is the computation of the roots Rn (1, 1) via
(5.18)).
Example 5.2: Consider an industry with N = 3 ﬁrms and deseasonalized demand
functions:

δ1 (p) = 400 − 10p1 + p2 + p3

(5.20)

δ2 (p) = 250 + p1 − 12p2 + 10p3

(5.21)

δ3 (p) = 250 + p1 + 10p2 − 12p3

(5.22)

The ﬁrms face a planning horizon of T = 54 periods. We consider six diﬀerent multiplicative seasonality patterns {βt : t = 1, . . . , 54}, which are common to all three ﬁrms,
as follows:
(I) (Time-invariant demand function) βt = 1
(II) (Linear Growth) βt = 0.25 + 1.5

(t−1)
53

(III) (Linear Decline) βt = 1.75 − 1.5

(t−1)
53

;

t = 1, . . . , 54

t = 1, . . . , 54

;
;

t = 1, . . . , 54

(IV) (Holiday Season at Beginning of Planning Horizon)

βt =





















54
114

+

540
570 (t

− 1) , t = 1, . . . , 6

594
114

−

540
570 (t

− 7) , t = 7, . . . , 12
54
114

, t = 13, . . . , 54

(5.23)
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(V) (Holiday Season at End of Planing Horizon)

βt =





















54
114

, t = 1, . . . , 42

54
114

+

540
570 (t

− 43) , t = 43, . . . , 48

594
114

−

540
570 (t

− 49) , t = 49, . . . , 54

(5.24)

(VI) (Cyclical Pattern)

βt =






0.25 + 0.75(t − 1) , t = 1, . . . , 3





1.75 − 0.75(t − 4) , t = 4, . . . , 6









βt mod6 , t = 7, . . . , 54

(5.25)

where t mod 6 denotes t modulo 6. Note that the average seasonality factor
1
54

54

t=1 βt

= β̄ = 1 in all six patterns (I)–(VI). The ﬁrst pattern reﬂects a situation where

demand functions are time-invariant and the second (third) pattern one with linear
growth (decline). The fourth and ﬁfth pattern represent a planning horizon with a
single season of peak demands either at the beginning or at the end of the planning
horizon. Finally, the last pattern (VI) is cyclical with a cycle length of 6 periods, such
that demands in the two middle periods of each cycle are 7 times their value in the ﬁrst
and last period, while βt = 1 in the remaining two periods of the cycle.
All three ﬁrms share the same cost parameters which are time-invariant: Kti =
1000;

cti = 15;

hit = 5 for all i = 1, . . . , 3;

t = 1, . . . , 54. Since the ﬁrms have iden-

tical c- and h- values and the ﬁrms have identical seasonality patterns, they also share
%
$
the same values for Fni (t) : t = 1, . . . , 54 . In Figure 5.1(a) and 5.1(b) we display the
values {Fn (54)} as a function of the permitted number of setup periods n = 1, . . . , 54,
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Figure 5.1(a): Fn (54) as a function of the number of setups periods n, patterns (I)-(III)
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for the six seasonality patterns (I)–(VI). Observe that the Fn (54)-values are signiﬁcantly
diﬀerent across the six patterns, for small numbers of permitted setup periods, but the
relative diﬀerence gradually decreases as n increases. Since the parameters cti parameters are constant over time, the variable procurement cost component in {Fn (54)} is
identical for all n = 1, . . . , 54 and for all seasonality patterns (I)–(VI). All diﬀerences
in the {Fn (54)} values are therefore attributable to diﬀerences in the holding costs.
These, of course, decline to zero as n increases to 54. For all n ≥ 7, the cyclical pattern
(VI) is the least expensive to service and the time-invariant pattern (I) the most expensive. This contradicts common folklore which assumes that optimal costs are achieved
when one is facing a smooth, time-invariant sales pattern.
The curves {Fn (54) : n = 1, . . . , 54} can be approximated very closely by curves of
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Figure 5.1(b): Fn (54) as a function of the number of setups periods n, patterns
(IV)-(VI)
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the shape

Fni (54)

∼



βit

4
 

i

i

c +η



ζi
+
n

5
,

n = 1, . . . , 54

(5.26)

for appropriate constants ηi , ζ i > 0. For example, ηi and ζ i can be chosen to minimize the sum of squared diﬀerences between the left and the right sides of (5.26).
For pattern (I) and (II), for example, we thus obtain (η1 , ζ 1 ) = (−2.275, 134.595) and
(η6 , ζ 6 ) = (−3.378, 133.810) with average relative diﬀerences between the exact and
the approximate curve of 0.6% and 3.3 %, respectively. We have found that approximations of the type (5.26) are, in fact, very close, across the board, for any combination of
cost values and seasonality patterns.
Several facts explain the extreme goodness of ﬁt: in our numerical experience, the
function Fn (T ) is always convexly decreasing in n. We conjecture that this is always
the case. To motivate this conjecture, note that Fn (T ) may be viewed as the value of
an n-median problem. Once again, it is unknown whether the optimal cost-value of
an n-median problem is convex in n, but it is known from Cornuejols et al. (1977),
Nemhauser et al. (1978) and Nemhauser and Wolsey (1988) that the greedy heuristic
solution for the n-median problem is a very close approximation (both in terms of worst
case and average performance) and the cost value of this greedy heuristic solution is
convexly decreasing. The greedy heuristic, applied to our lot sizing problem, adds in
the n + 1st iteration a new setup period to the n periods selected in the ﬁrst n periods
which results in the largest cost decrease. The approximation (5.26) will be used in the
equilibrium analysis in Section 5.5.
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Figure 5.2: Optimal proﬁt for ﬁrm 1 as a function of permitted number
of setups under pattern (I) and (VI) when Kti = 1000
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We now turn to the best response problem ﬁrm 1 faces when both of his competitors choose a price value of $30. Based on (5.11) and (5.12), Figure 5.2 exhibits the
optimal proﬁt π ∗i (n) for pattern (I) and (VI) as a function of the permitted number
of setups n. The globally optimal prices which solve the best response problem are
$31.75 and $30.89 and correspond with a lot sizing schedule with n = 27 for pattern
(I) and n = 35 for pattern (VI).

5.4

The Best Response Problem: The General Case

In the Section we address the best response problem (5.6) for the general case where
additive as well as multiplicative seasonalities exist and where all cost parameters vary
in arbitrary ways over the course of the planning horizon. In the most general case, no
solution procedure appears to exist, which, in the worst case, involves a polynomially
bounded number of elementary operations or evaluations of a simple, analytical closed

141
form function. However, a highly eﬃcient procedure can be developed based on the
following result:
$
For any given set of periods Θ ∈ 2{1,... ,T } , let P i (Θ|p −i ) = p i |Θ is an optimal set
%
of order periods to service the demand stream {dit (p) : t = 1, . . . , T } .
Lemma 5.3 Fix i = 1, . . . , N and a vector p −i of prices for ﬁrm i’s competitors
(a) P i (Θ|p −i ) is a closed interval.
(b) Let [p0i , p1i ] denote the closed interval P i (Θ0 |p −i ). Let δi0 = δi (p0i |p −i ) and
δi1 = δi (p1i |p −i ). Firm i’s proﬁt is a concave diﬀerentiable function of δi on the interval
[δi1 , δi0 ].
Proof: Fix Θ0 ∈ 2{1,... ,T } . We ﬁrst show that P i (Θ0 |p −i ) is convex. Thus, let p1i <
p2i ∈ P i (Θ0 |p −i ) and assume to the contrary that for some p3i with p1i < p3i < p2i ,
Θ0 fails to be an optimal set of order periods. Let Θ1 be a sequence of order periods
which is optimal to use under price level p3i . Note from (5.5) that C i (p|Θ) is an aﬃne
transformation of the deseasonalized demand function δi (p), i.e.
C i (p|Θ) = A(Θ) + B(Θ)δi (p), with A(Θ) and B(Θ) constants, independent of any
price choices. Thus, C i (p|Θ0 ) − C i (p|Θ1 ) = [A(Θ0 ) − A(Θ1 )] + [B(Θ0 ) − B(Θ1 )]δi (p)
is a monotone function of p i , since δi (p) is a strictly decreasing function of p i . Yet
C i ((p1i , p −i )|Θ0 ) − C i (p1i , p −i )|Θ) ≤ 0, since p1i ∈ P i (Θ0 |p −i )
C i ((p3i , p −i )|Θ0 ) − C i ((p3i , p −i )|Θ1 ) > 0, since p3i ∈ P i (Θ0 |p −i ), pi3 ∈ P i (Θ1 |p −i )
C i ((p2i , p −i )|Θ0 ) − C i ((p2i , p −i )|Θi ) ≤ 0, since p2i ∈ P i (Θ0 |p −i ), indicating that this
diﬀerence function fails to be monotone in p i , thus resulting in a contradiction.
Since P i (Θ0 |p −i ) is a convex set, it is an interval. To show that that his inter-

142
i
i
0
−i
val is closed, consider a sequence {pki }∞
k=1 with pk ∈ P (Θ |p ) for all k = 1, 2, . . .
i . Thus, C i ((p i , p −i )|Θ0 ) ≤ C i ((p i , p −i )|Θ) for all order period
and limk→∞ pki = p∗
k
k

sequences Θ ∈ 2{1,

... ,T } .

Taking limits on both sides of the inequality and using the

i satisﬁes the
continuity in p of the Ci (p|Θ) function we conclude that the limit p∗
i ∈ P(Θ0 |p −i ).
inequality as well, i.e. p∗

(b) Per deﬁnition, on the interval P i (Θ0 |p −i ), C i (p) = C i (p|Θ0 )
= A(Θ0 ) + B(Θ0 )δi (p), so that ﬁrm i’s proﬁt Πi (δi |p −i ) = R i (δi |p −i ) − A(Θ0 ) − B(Θ0 )δi
is a concave function of δi .
Lemma 5.3 suggests the following best response algorithm. Once again, ﬁx
i = 1, . . . , N, p −i and a (small) precision number  > 0.

Algorithm: Best Response Problem
i
; δi1 = δi (p1i |p −i ).
Step 0 (Initialization): Set l := 1; π ∗ := 0, p1i := pmin

Step 1 (Iterative Step): For p i = pli + , determine an optimal sequence of order periods Θl as well as the coeﬃcients A(Θl ), B(Θl ), i.e. C i (p|Θl ) = A(Θl ) + B(Θl )δi (p) (e.g.
with the O(T log T ) method in Federgruen and Tzur (1991)). With simple bisection,
$
i = max p i ≤ p i
l
determine within , pu
max |Θ is an optimal sequence of order periods
%
i |p −i ). Determine
for the price p i ; δiu = δi (pu
$
%
πl∗ = maxδiu ≤δi ≤δi R i (δi |p −i ) − A(Θl ) − B(Θl )δi where the function within curled
l

brackets is concave in δi . If πl∗ > π ∗ then π ∗ := πl∗ .
i
i
i < pi
i
i
Step 2: If pu
max then begin l := l + 1; pl = pu ; δl = δu ; return to Step 1 end

i
i
This Algorithm thus partitions the complete price interval [pmin
, pmax
] into L ≥ 1 con-
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secutive subintervals, such that on each subinterval a given sequence of order periods
Θ remains optimal. On each interval the proﬁt function is a simple diﬀerentiable concave function of δi whose maximum can be found by comparing the values at the end
points with that in the (at most) single stationary point where the derivative of the
proﬁt function equals zero.
i
i
, pmax
] is partitioned in to L subintervals, i.e.
If the interval [pmin

if Step 1 is

repeated L times, the total eﬀort to identify the end points of the subintervals is
 i
!;
!
 :
i
pmax −pmin
T log T while the eﬀort to optimize the proﬁt-function on each
O L log2

of the subintervals amounts to L maximizations of a diﬀerentiable concave (closed
form) function of a single variable.
Example 5.3: Consider the previous example, however with additive rather than
multiplicative seasonality terms, which are again identical to all three ﬁrms, i.e. let
βit = 1, and αti = −100 +

200
53 (t

− 1),

t = 1, . . . , 54.

Thus, each period a ﬁrm’s demand function is shifted upwards by a constant
amount and

1
54

54

i
t=1 αt

= 0. Consider, again, ﬁrm 1’s best response problem which

arises when his competitors adopt a price of $ 30, i.e. p2 = p3 = 30. In Table 1, we
display the intervals identiﬁed by the ‘Algorithm Best Response Problem’. along with,
for each of the intervals, the optimal price for ﬁrm 1, corresponding proﬁt level and
the number of setups periods in the last column which is optimal for this interval.
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Table 5.1: Intervals generated by Algorithm ‘Best
Response Problem’ for ﬁrm 1 in Example 3
LB

UB

OptPrice

Proﬁt

Setups

0.000
16.384
17.151
17.888
18.650
19.414
20.161
20.921
21.674
22.419
23.178
23.933
24.692
25.447
26.194
26.960
27.703
28.467
29.220
29.978
30.347
31.102
31.485
32.245
32.614
33.371
33.746
34.117
34.885
35.252
35.630

16.374
17.141
17.878
18.640
19.404
20.151
20.911
21.664
22.409
23.168
23.923
24.682
25.437
26.184
26.950
27.693
28.457
29.210
29.968
30.337
31.092
31.475
32.235
32.604
33.361
33.736
34.107
34.875
35.242
35.620
35.994

16.374
17.141
17.878
18.640
19.404
20.151
20.911
21.664
22.409
23.168
23.923
24.682
25.437
26.184
26.950
27.693
28.457
29.210
29.968
30.337
31.092
31.475
31.611
32.245
32.614
33.371
33.746
34.117
34.885
35.252
35.630

75730
76440
77110
77750
78350
78920
79450
79940
80400
80830
81210
81570
81880
82170
82410
82630
82800
82940
83050
83190
83240
83290
83290
83240
83190
83040
82760
82660
82380
81770
81280

54
53
52
51
50
49
48
47
46
45
44
43
42
41
40
39
38
37
36
35
34
33
32
31
30
29
28
27
26
25
24
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5.5

The Equilibrium Analysis

In this Section, we analyze the equilibrium behavior in the industry under price—or
Bertrand competition. (See however, the end of this section for a discussion of the case
of Cournot competition.) Once again, we start with the case where all ﬁrms experience
only multiplicative seasonalities and their ﬁxed and variable order cost parameters
remain constant throughout the planning horizon. (The best response problem of Section 5.3 thus applies; we append the assumption of constant variable order cost rates
to simplify the exposition below.) Thus, let K i = K1i = . . . = KTi and c i = c1i = . . . = cTi
for all i = 1, . . . , N.
Substituting the expression (5.8) for the cost function C i (p) as well as the identity
dit (p) = βit δi (p) in the proﬁt function (5.4), we obtain:

π i (p) = B i (T )p i δi (p) − min

n=1,... ,T

$

nK i + B i (T )c i δi (p) + δi (p)F̃ni (T )

%
(5.27)

where F̃ni (t) = minimum total holding costs in periods {1, . . . , t} for ﬁrm i, assuming
$
the ﬁrm’s demand stream is given by seasonality factors

βi1 , . . . , βiT

%
and assuming

exactly n order are placed in the ﬁrst t periods, t = 1, . . . , T , n = 1, . . . , t, i = 1, . . . , N.

F̃ni (t) = Fni (t) − c i

t


βis

(5.28)

s=1

It is diﬃcult to guarantee the existence of a Nash equilibrium on the basis of the exact
characterization of the cost function C i (p) as a piecewise linear function of the deseasonalized demand volume δi (p). Note, for example, from (5.10) – (5.12), that ﬁrm i’s
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best response price fails to vary continuously with the competitor’s prices, even tough
the points of discontinuity form a set of measure zero. However, as substantiated in
%T
$
Section 5.3, the values F̃ni (t)

n=1

are closely approximated by a function of the from

(5.26). Substituting (5.26) into (5.27) and treating the number of order periods n as a
continuous variable, we obtain the (approximate) proﬁt functions
6
B i (T )ζi δi (p)
π̃ (p) = B (T )δ (p)(p − c ) − min nK + B (T )η δ (p) +
n
n≥0


= B i (T )δi (p)(p i − c i − ηi ) − 2 K i ζ i δi (p)


 



iζ i 


2
K
i
i
i
i
i
i


= B (T ) δ (p)(p − η − c ) −
δ
(p)
, 1 = 1, . . . , N (5.29)


B i (T )




i

i

i

i

i

i

i

i i

where the ﬁrst equality follows from simple calculus as in the well-known Economic
Order Quantity (EOQ) model.
$
%
The approximation (5.26) for the values F̃ni (T ) thus permits us to represent the
cost function as one consisting of an explicit linear term in δi (p) plus a term proportional to the square root of this deseasonalized demand value. A price competition
game in which each ﬁrm selects a price from a closed interval and with proﬁt functions
of the type (5.29) has been analyzed by Cachon and Harker (2002) and Bernstein and
Federgruen (2003). The former conﬁne themselves to the case where the number of
ﬁrms N = 2. Without guaranteeing that an equilibrium exists, they establish a suﬃcient
condition under which the existence of multiple equilibria can be excluded. Bernstein
and Federgruen (2003) show that the existence of an equilibrium can, indeed, not
be guaranteed under completely arbitrary parameters. They identify, however, for the
case of linear deseasonalized demand functions, see (5.2), a simple suﬃcient condition
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for the existence of an equilibrium, which relates the demand elasticity of a ﬁrm with
respect to its own price to the ﬁrm’s inventory-to-sales ratio. More speciﬁcally, assume
%
$
the demand functions δi (p) satisfy (5.2).
Let ii =

∂δi (p) p i
∂p i δi (p)

=

bi p i
δi (p)

the absolute value of the demand elasticity of ﬁrm i

with respect to its own price.

INV i = 2 δi (p)K i ζ i = ﬁrm i’s optimal inventory and ﬁxed order costs over the
course of the planning horizon, under the price vector p.
REV i = B i (T )p i δi (p) = ﬁrm i’s total gross revenue over the course of the planning
horizon, under the price vector p.
Theorem 1 in Bernstein and Federgruen (2003) shows that a Nash equilibrium
exists in the price competition model if the following condition (C) is satisﬁed:

(C)

ii ≤ 8

REV i
INV i

,

i = 1, . . . , N

(5.30)

The ratio REV i /INV i is closely related to the (annual) sales-to-inventory ratio, one
of Wall Street’s most frequently monitored company measures. Bernstein and Federgruen (2003) argue that the ratio REV i /INV i is, in fact, at least 2.5 times the sales-toinventory ratio. Moreover, analyzing data by Dun and Bradstreet (2001), the authors
show for a sample of 10 consumer product lines that the average lower quartile of the
sales-to-inventory ratio varies between 2.8 and 6.7 for the 10 product lines. As a consequence, the right hand side of the inequality in (C) varies between 56 and 134, while the
absolute value of the price elasticity varies between one and ﬁve, see e.g. Tellis (1988).
Thus, condition (C) is very comfortably satisﬁed for virtually all production lines and
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industries.
While condition (C) guarantees that a Nash equilibrium exists, two important questions remain: (a) Is the Nash equilibrium unique or can multiple equilibria arise, making it hard to predict which of the possible equilibria the industry will adopt and (b)
How can the equilibrium (or equilibria) be computed eﬃciently? Theorem 2 in Bernstein and Federgruen (2003) shows that under a slight tightening of condition (C), a
unique equilibrium can indeed be guaranteed and that this unique equilibrium can be
eﬃciently computed as the limit point of the following simple (iterative) tatônnement
scheme:
Tatônnement scheme: Starting with an arbitrary price vector p(0) , in the k-th iterai
which solves the best response
tion of the scheme, each ﬁrm determines the price p(k)

problem (5.6), assuming all competing ﬁrms’ prices are set according to their value in
the price vector p(k−1) . Consider condition (C2):

(C2)

ii ≤ 4

REV i
INV i

(5.31)

As reviewed above, condition (C2), which is somewhat tighter than (C), is still very
comfortably satisﬁed for virtually all product lines. We conclude:

Theorem 5.1 Assume the deseasonalized demand functions {δi (p)} are linear, i.e. they
satisfy (5.2). Assume only multiplicative seasonalities apply (αti = 0), while all ﬁxed and
variable cost parameters are constant throughout the course of the planning horizon,
i.e. K1i = . . . = KTi = K i and c1i = . . . = cTi = c i . Consider the price competition game
under the (approximate) proﬁt functions π̃ i (p).
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(a) Under condition (C), the price competition game has a Nash equilibrium
(b) Under condition (C2), the price competition game has a unique equilibrium p ∗ .
The tatônnement scheme converges to p ∗ from any starting point p 0 .
Proof: Immediate from Theorem 1 and 2 in Bernstein and Federgruen (2003).
The tatônnement scheme consists of repeated solutions of best response problems.
The availability of eﬃcient procedures to solve the best response problems (see Section
5.3) is therefore of critical importance.
It is diﬃcult to establish a similarly intuitive suﬃcient condition to guarantee the
existence of an equilibrium in the general model, with nonlinear deseasonalized demand functions or time-dependent order cost parameters. However, thanks to the
availability of the best response algorithms in Section 5.3 and 5.4, the tatônnement
scheme can be applied eﬀectively to the fully general model. When convergent, its limit
point is, of course, a Nash equilibrium. If convergent to the same limit point, regardless of its starting point p(0) , the equilibrium is in fact unique. Thus, the tatônnement
scheme provides an algorithmic mechanism to establish the existence of a Nash equilibrium in any given instance of the general model. Indeed, we have applied the scheme to
a large variety of problem instances of the general model and have found hat a unique
equilibrium exists in the vast majority of cases.
We conclude this Section with a brief discussion of the case where the ﬁrms engage
in Cournot (quantity competition) as opposed to Bertrand (price competition). Consider, again, the conditions stated in Theorem 1, and assume the approximate proﬁt
functions π̃ i (·) are used. Under (5.5), the system of (deseasonalized) demand func-
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tions can be inverted resulting in the inverse demand functions:

p i = âi − b̂i δi −



θ̂ji δj

,

i = 1, . . . , N

where

b̂i , θ̂ji ≥ 0

(5.32)

j=i

It follows from Theorem 3 in Bernstein and Federgruen (2003) that an equilibrium
exists under condition (C) and that this equilibrium is unique under (C2) and the condition

b̂i >



θ̂ji

,

i = 1, . . . , N,

(5.33)

j=i

the direct counterpart of (5.5) for inverse demand functions. Thus, the same condition (C) guarantees an equilibrium both under price- and under quantity competition.
Moreover, an analogous pair of conditions guarantees that the equilibrium is unique.
However, in contrast to the case of price competition, it is no longer possible to ensure
that the tatônnement scheme converges to an equilibrium, even when the existence of
a unique equilibrium can be guaranteed.

5.6

Numerical Examples

In this Section, we report on a numerical study conducted to investigate the eﬀect on
the equilibrium behavior of seasonality patterns and economies of scale resulting from
ﬁxed setup costs.
Table 5.2 displays the equilibrium in our base example (Example 5.2) under each
of the six seasonality patterns (I)–(VI) and four combinations of setup cost values: (a)
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Kti = 500; (b) Kti = 1000; (c) Kti = 4000 and (d) Kti = 5400. Each of the cells in the table
corresponds with one of the 24 problem instances. Whenever a unique equilibrium
exists, we display, sequentially, the equilibrium prices (p ∗ ), volumes(δ∗ ), proﬁt levels
(π ∗ ) and the number of order periods (n∗ ) for each ﬁrm. (If no equilibrium exists, or
in case multiple equilibria arise, the cell is left empty.)
In our example, ﬁrms 2 and 3 have identical characteristics. Firm 1 has a larger
intercept as well as a signiﬁcantly higher ‘total price sensitivity’ deﬁned by b̄i = bi −


i
j=i Θj

> 0, see (5.5). (The total price sensitivity measures the marginal decline in sales

volume due to a universal price increase in the industry; note b̄1 = 8 and b̄2 = b̄3 = 1.)
The larger total price sensitivity for ﬁrm 1 induces it to adopt a lower price than his
competitors, in each of the 24 problem instances considered, the lower direct price
sensitivity 10 =

∂δii (p)
∂p 1

= b1 < b2 = b3 = 12 not withstanding.

While the diﬀerences in the price equilibria are relatively small, they often have
very signiﬁcant impacts on equilibrium volumes and in particular equilibrium proﬁts.
For example, when Kti = 4000, ﬁrm 1’s proﬁt is nearly 25% larger under the cyclic
seasonality pattern (VI) than under constant demands (I). When Kt1 = 5400 ﬁrm 1 more
than doubles its proﬁt when moving from the constant demand pattern (I) to a pattern
with a holiday season at the beginning (IV). The proﬁt increases for ﬁrm 2 and 3, when
moving from (I) to (IV), are in absolute terms, approximately equal that experienced by
ﬁrm 1, even though in relative terms they amount to an increase of approximately 16%.
It is hard to predict which seasonality pattern results in higher equilibrium prices:
for Kt1 = 500, the prices under the constant pattern (I) are lower than those under the
cyclic pattern (VI) but the opposite is true for Kti = 4000. Note, also, that the impact
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of a cost increase on the equilibrium prices may vary rather signiﬁcantly depending
on which of the seasonality patterns prevails. Under (I), equilibrium prices increase by
$0.30 for ﬁrm 1 and $0.20 for ﬁrms 2 and 3, while the price increases under (VI) are
$0.99 for ﬁrm 1 and $0.62 for ﬁrms 2 and 3. The order pattern, in general, and the
number of order periods, in particular, vary greatly by ﬁrm and by seasonality pattern,
see for example the case where Kti = 1000.

K = 5600

K = 4000

K = 1000

K = 500

34.86 37.49 37.49

126.38 209.88 209.88

30.25 126.22 126.22
14 18 18
35.23 37.52 37.52

122.70 210.20 210.20
8.50 98.03 98.03
13 18 18

π∗

n∗

p∗

δ∗

π∗

n∗

27 54 54

n∗

δ∗

87.33 156.04 156.04

π∗

p∗

32.05 33.00 33.00

54 54 54

n∗

145.50 216.04 216.04

107.66 180.94 180.94

π∗

δ∗

157.91 214.96 214.96

δ∗

p∗

30.79 32.91 21.91

p∗

(I)

13 16 16

11.56 106.74 106.74

124.99 208.88 208.88

35.13 38.12 38.12

15 20 20

31.93 120.35 120.35

130.48 211.00 211.00

34.28 36.64 36.64

34 41 41

89.45 165.83 165.83

151.20 214.39 214.39

31.60 33.61 33.61

47 50 50

108.91 182.76 182.76

156.59 214.87 214.87

30.94 33.04 33.04

(II)

12 15 15

15.44 112.04 112.04

123.71 208.72 208.72

35.29 38.28 38.28

14 19 19

34.58 124.09 124.09

129.51 210.87 210.87

34.40 36.77 36.77

33 41 41

89.93 166.00 166.00

150.88 214.48 214.48

31.63 33.57 33.57

47 50 50

109.05 182.78 182.78

156.67 214.88 214.88

30.94 33.03 33.03

(III)

11 14 14

24.86 119.02 119.02

126.53 209.45 209.45

34.89 37.72 37.72

32 32 32

95.99 173.69 173.69

153.96 213.80 213.80

31.36 33.78 33.78

32 54 54

110.61 181.75 181.75

153.12 215.38 215.38

31.28 32.95 32.95

(IV)

10 17 17

25.10 119.12 119.12

126.71 209.51 209.51

34.86 37.68 37.68

14 18 18

42.46 129.22 129.22

135.03 211.46 211.46

33.72 36.13 36.13

31 32 32

96.27 173.76 173.76

153.52 213.84 213.84

31.40 33.78 33.78

32 54 54

110.61 181.75 181.75

153.12 215.38 215.38

31.28 32.95 32.95

(V)
31.10 33.11 33.11

(VI)

14 18 18

40.36 129.50 129.50

133.58 211.61 211.61

33.87 36.13 36.13

35 37 37

93.91 169.76 169.76

154.51 214.35 214.35

31.24 33.44 33.44

37 45 45

111.60 185.26 185.26

155.22 214.87 214.87

Table 5.2: Equilibria under six seasonality patterns and four setup cost values
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When Kit = 4000, a unique equilibrium continues to exist under all seasonality
patterns except for (IV). Here, there are at least two equilibria p1∗ = [34.03; 36.28; 36.40]
and p2∗ = [34.03; 36.40; 36.28]. (These equilibria are both interior points of the feasible
region.) The tatônnement scheme may, in this case, converge to either one of the
two equilibria or it cycles through the points p1∗ = [34.02; 36.40; 36.40] and p2∗ =
[34.04; 36.28; 36.28].
When Kit = 5400, an equilibrium fails to exist for pattern (VI): the tatônnement
scheme never converges, irrespective of the starting point. Instead, the scheme cycles
between the two price points p1∗ = [35.24; 36.54; 36.54] and p2∗ = [35.25; 36.60; 36.60].
We conclude that the seasonality patterns of the demand functions (as well as the
cost parameters) may result in signiﬁcant diﬀerences in the equilibria. Sometimes,
the seasonality pattern determines whether a unique equilibrium, no equilibrium or
multiple equilibria prevail. The latter two cases arise, of course, in settings where
conditions (C) and (C2) are violated.
We conclude this Section with a set of six problem instances with additive rather
than multiplicative seasonality factors for the demand function, i.e. βit = 1. The six
instances are obtained from the base case in Example 5.2 (where all αti = 0), merely by
$ %
varying the αti terms. The seasonality patterns are the direct analog of (I)–(VI) in the
case of multiplicative seasonalities.
For each pattern, we obtain the αti -terms from the βit -factors for the same pattern,
employing the transformation αti = 100(βit − 1). (Note that

1
54

54

i
t=1 αt

= 0 ∀i.) Table

5.3 displays the equilibrium prices, demand values, proﬁts and number of setups for
the 6 instances. As in the case of multiplicative seasonalities, we note that the diﬀer-
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ences in the equilibrium prices are modest. At the same time, major diﬀerences in the
number of setup periods may arise, translating into equilibrium proﬁt diﬀerences of
up to 8.4%. The diﬀerences become even larger when the setup cost parameters Kti are
increased, see Table 5.2. As in the case of multiple seasonalities, all ﬁrms may be better oﬀ under seasonally varying demands or cost parameters, once again contradicting
common folklore.

K = 1000

32.05 33.00 33.00

78.57 116.66 116.66

87.33 156.04 156.04
27 54 54

p∗

δ∗

π∗

n∗

(I)

32 43 43

88.77 165.83 165.83

80.29 115.65 115.65

31.91 33.87 33.87

(II)

31 43 43

89.10 166.06 166.06

80.04 115.67 115.67

31.95 33.87 33.87

(III)

31 32 32

94.63 177.07 177.07

80.51 114.77 114.77

32.04 34.75 34.75

(IV)

Table 5.3: Equilibria under six α-patterns

31 32 32

94.63 177.07 177.07

80.51 114.77 114.77

32.04 34.75 34.75

(V)

36 45 45

89.56 165.68 165.68

79.21 115.90 115.90

32.08 33.72 33.72

(VI)

156

157
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